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Abstract

Computing the prime implicants and the essential prime implicants of
Boolean functions is a problem that has applications in several areas of com-
puter science, for instance it is critical in circuit synthesis and optimization,
but also in automated reasoning. In this paper we propose a new method to
compute implicitly the sets of prime implicants and of essential prime impli-
cants of incompletely specified Boolean functions. This method allows us to
handle functions that have sets of prime implicants and of essential prime
implicants several orders of magnitude larger than those of the functions
that could be handled by existing methods. The key idea that makes these
computations possible is to manipulate sets of prime and of essential prime
implicants denoted by their meta-products, which are characteristic func-
tions. These functions are represented with binary decision diagrams that
are a very compact canonical graph representation of Boolean functions and
that support very efficiently all the operations needed here.

1 Introduction

In the worst case, the number of prime implicants and essential prime im-
plicants of a Boolean function is exponential with respect to the number of
variables of this function [1]. Thus all techniques that perform a prime by
prime computation are by nature limited to functions with relatively limited
numbers of variables and of prime implicants. For instance the Espresso min-
imizer [1, 9] is practically limited to functions with less than 20,000 primes,
and the reasoning maintenance system described in [7], which is based on a
similar technology, has the same limitations.

We have introduced recently [3] a technique for verifying sequential cir-
cuits that is not limited by the number of states of these circuits. The
key idea that makes this verification technique possible is to represent sub-
sets of {0,1}" with their characteristic functions. These Boolean functions
are denoted by binary decision diagrams (BDD) that are a very compact



graph representation of propositional formulas. This representation allows
us to operate on these sets without considering their elements individually.
In this paper we show that this idea can be used with very good results
to implement an implicit prime and essential prime implicant computation
procedure.

This paper is divided in 7 parts. Section 2 presents the problem that will
be treated here and the elementary concepts that will be used to solve it. Sec-
tion 3 introduces the canonical representation, which we call meta-product,
of sets of products. Section 4 explains how meta-products can be repre-
sented with binary decision diagrams and gives the functions ProductCost
and LiteralCost that allow us to evaluate in linear time on meta-products the
standard cost functions associated with sum of products. Section 5 shows
how meta-products are used to compute implicitly the sets of prime and of
essential prime implicants of Boolean functions with care sets. Section 6
gives experimental results. Finally Section 7 discusses this method and the
experimental results obtained with it.

2 Definitions

We consider here propositional formulas built out of the finite set of proposi-
tional variables {z1,...,2,}. A literal is a propositional formula of the form
(xg) or (T). A product is a formula of the form (I;...l;), k < n, whose
literals are built out of distinct variables. When & = n, such a product is
called a minterm. The product p contains the product p’ if and only if the
formula (p’ = p) is a tautology. The product p strictly contains the product
p’ if p contains p’, and p’ does not contain p.

A sum of products is a formula of the form (p1+. . .4+psm, ), where p1, ..., pm
are distinct products. Any propositional formula f can be rewritten into a
formula expressed as a sum of products. However this rewriting process is
not canonical, which means that there exist different formulas written as
sums of products that are equivalent. There are two standard cost functions
for formulas expressed as sums of products [6, 9]. The first cost function of
the formula f = (p1 + ... + pm), noted ProductCost(f), is the number of
products in this sum, and the second cost function, noted LiteralCost(f), is
defined as LiteralCost(f) = S§=7" LiteralCost(py,), where LiteralCost(py,) is
the number of literals that occur in the product pg.

Any Boolean function from the set {0, 1}" into the set {0, 1} can be rep-
resented by a propositional formula built out of the finite set of propositional
variables {z1,...,x,}. Conversely any propositional formula built out of the
finite set of propositional variables {z1,...,z,} denotes a unique Boolean
function from the set {0, 1}" into the set {0,1}. In the sequel we will use the
same symbol to represent a propositional formula and the Boolean function
it denotes.

Any subset S of {0,1}" can be represented by a unique Boolean function



Xg from the set {0,1}" into {0, 1}, called its characteristic function, that is
defined in the following way:

Xs(z) =1 if and only if zes.

Conversely, any Boolean function f from {0,1}" into {0,1} denotes a
unique subset Sy of {0,1}" made of all the elements x of {0,1}" such
that: f(z) = 1. For instance the characteristic function of the subset
{[01010],[11010],[01011],[11011]} of {0,1}° can be represented by the prod-
uct (zeZzz4). Characteristic functions are a very interesting implicit repre-
sentation of Boolean sets because there is a direct correspondence between
the set operators and the logical operators, for instance union corresponds
with disjunction, intersection with conjunction, and complementation with
negation.

A Boolean function fo with a care set C' is denoted by a couple (C, f),
where C'is a subset of {0,1}" and f is a Boolean function from {0, 1}" into
{0,1}, and is defined by the following equation:

fe(z) = f(z) ifzed,
folz) = x if z ¢ C,

where the symbol “x¥” can be either 0 or 1. A product p built out of the
variables {x1,...,2,} is a cube of the function f¢ if and only if the formula
(Xc A p) is not an antilogy, and the formula (X = (p = f)) is a tautology.
This expresses that the intersection between the set S, denoted by p and the
care set C' is not empty, and that for any element of this intersection, the
function f evaluates to 1. The product p is a prime implicant of fo if and
only if it is a cube of fo, and there is no cube of fo different from p that
contains p. Finally, the product p is an essential prime implicant of fo if
and only if it is a prime implicant of fo and the Boolean function denoted
by the sum of all the primes of fo that are different from p is not equal to
f on the care set C.

Prime implicants and essential prime implicants play a very important
part in the minimal cover problem [9]. The set of prime implicants of the
Boolean function fo is the set of products that can be used to build a
minimal cover of fo. Amongst all these prime implicants the essential ones
are critical since they are prime implicants that occur in any minimal cover
of fo. In particular the cost of any minimal cover of fo is at least equal to
the cost associated with its essential prime implicants.

In the case where the care set of the function f¢ is equal to the complete
input set {0, 1}", the function fc becomes a standard Boolean function. For
this reason, we will in the following consider only functions with a care set,
Boolean functions being just a particular case of such functions.

In this paper we will also use quantified propositional formulas that
are formulas of the form (Qqz;...Qrzr f) where Q1,...,Q are either



the universal or the existential quantifier, x1,...,x; are propositional vari-
ables, and f is a propositional formula [3]. For instance the formula
(Vzq Jzo (21 V (mx2 A 23))) is such a quantified propositional formula. Any
quantified propositional formula can be rewritten into a propositional for-
mula using the following rewriting rules:

(Ve f) —  flz + 0] A flz + 1],
3z f) — flx+ 0]V flz + 1],

if the variable x is free in the formula f. For instance, the quantifier free
form of the quantified formula given above is (z3). Adding quantifiers to
Propositional Logic does not increase its expressive power, but it allows us to
write very concisely expressions whose quantifier-free forms have exponential
sizes.

3 Meta-Products

There are 3" elements in the set P, of products that can be built out of
the set of variables {z1,...,z,}. Indeed there is a one to one mapping
between this set and the set of strings {z1,Z1,e} X ... X {@y, Tp, e}, where
€ is the empty string. In order to represent any set of products with a
Boolean function it is thus sufficient to use [log,(3™)] Boolean variables.
However, though this number is theoretically sufficient, it is not the most
interesting from the computing point of view. In this section we propose a
representation of subsets of P, that uses more Boolean variables (i.e. 2n)
but that has very good properties regarding the implicit prime implicant
and the essential prime implicant computation technique presented in this

paper.

3.1 Definition

In order to represent sets of products built out of the set of wvari-

ables {x1,...,z,}, we introduce 2 finite sets of variables {o1,...,0,} and
{s1,...,8n}. We will call the variables o1,...,0, the occurrence variables
and the variables si,...,s, the sign variables. We define the mapping o

from the set {0,1}" x {0,1}" into the set P, in the following way:
o(0,8) =11...1ly,

where [ is the empty string ¢ if o = 0, [ is the string Zx if op = 1 and
s = 0, and finally [ is the string x; if o = 1 and s = 1. For instance,
with n = 4, we have o([0111],[1101]) = (z2T324).

The mapping o defined above can not be a one to one mapping from
the set {0,1}" x {0,1}" into the set P,, because it maps 4" elements onto
3" elements. There are two ways to get a canonical representation of the
elements of P, using the sets of variables {o1,...,0,} and {s1,...,sp}. The



first way is to choose, amongst all the couples that denote the same product,
a particular one that will be taken as reference. The second way, which
leads to a simpler and better implementation, is to consider the canonical
representation of a product to be the set of all the couples that denote
this product. For instance, for n = 4, the canonical set representation of
the product (zoT3x4) is the set {([0111],[0101]), ([0111],[1101])}. Since any
subset of {0,1}"™ x {0,1}" has a unique characteristic function from the set
{0,1}™ x {0,1}™ into the set {0, 1}, we get the following canonical functional
representation of sets of products.

Definition 3.1 Let P = {p1,...,pm} be a subset of products of P,. Its
meta-product P is the characteristic function of the following subset of

{0,1}™ x {0,1}":
k=m
( U U_l(pk)>

k=1

3.2 Properties

Meta-products have immediate properties that are direct consequences of
the fact that they are characteristic functions. For any meta-products P
and P’, the function (P V P’) is the meta-product of the union of the sets
of products P and P’ denoted by P and P’ respectively ; (P A P’) is the
meta-product of the intersection of these sets ; (—P) is the meta-product
of (P, \ P) ; the set P is included in the set P’ if and only if the function
(P = P’) is a tautology.

The product p associated with the couple (o, s) denotes a unique subset
of the set {0, 1}", whose characteristic function, noted X(o, s), is defined by
the equation:

k=n
X(0,8) = Az. (/\ (o = (v & 3k))>

k=1

Two couples (o, s) and (o', s’) of {0,1}"x {0, 1}" denote the same product
if and only if the functions X(o, s) and X(¢0', ") are identical, which is the case
if and only if the formula Equal((o, s), (0, s')) is a tautology, where Fqual is
defined by the equation:

k=n
Equal((o,s),(d,s")) = (/\ (o & 0}) A (o = (s & s%)))

k=1

This formula expresses that a variable occurs in the product denoted by the
couple (o, s) if and only if it occurs in the product denoted by the couple
(0, s'), and in this case it occurs with the same sign in both products.

The product p denoted by the couple (o, s) contains the product p’ de-
noted by the couple (o', s’) if and only if the formula (X (o', s") = X(o, s)) is



a tautology. This is the case if and only the formula Contain((o, s), (¢, s'))
is a tautology, where Contain is defined by the equation:

k=n
Contain((o, s), (o',s")) = (/\ ok = (0 A (s & s%)))

k=1

This formula expresses that if a variable occurs in the product p, it also
occurs in the product p’, and it occurs with the same sign in both products.

The following theorem, whose proof can be found in [4], gives a very
easy way to compute the Boolean function that is equal to the sum of all the
products belonging to a set of products denoted by a meta-product. This
theorem is critical in the implicit essential prime implicant computation
method that will be introduced in Section 3.4.

Theorem 3.1 Let P = {p1,...,pm} be a set of products built out of the
variables {x1,...,x,}, P its meta-product, and f the Boolean function de-
noted by the sum of these products. We have the identity:

f = Xs.(30 Plo,s))

3.3 Relatively Prime Implicants

The product p of the set of products P = {p1,...,pm} is a relatively prime
implicant of P if and only if there is no product p’ in the set P in which p is
strictly contained. For example, in the set P = {173, T1x2, T122T3}, the
products (x172) and (ZT1z2) are relatively prime implicants, but (T1xeZ3) is
not, because it is contained in the product (Z7z3). The following theorem [4]
makes explicit the relation that exists between the meta-product of the set
P and the meta-product of the subset of relatively prime implicants of P.

Theorem 3.2 Consider a set of products P and its meta-product P. The
meta-product Z(P) of the subset of relatively prime implicants of P is defined
by the equation:

Z(P) = Xo.As.(P(o,s) A
(Vo' Vs’ (P(d,s") A Contain((d,s), (0, 5))) =
Equal((¢, ), (0, 9))));

that can be simplified into:
Z(P) = XoAs.(P(o,8) A (Vo Plond,s)= (0<0))),

where (o No') = (01 Nd'1,...,0, NO'y), and (0 < 0') = ( K= (o :>0§€)).



3.4 Relatively Essential Prime Implicants

The product p of the set of products P = {p1,...,pm} is a relatively essential
prime implicant of P if and only if the Boolean function that is the sum of
all the products of the set P\ {p} is different from the Boolean function that
is the sum of all the products of the set P. The following theorem [4] states
that the meta-product of the subset of relatively essential prime implicants
of the set of products P can be computed from the meta-product P of the
set P.

Theorem 3.3 Consider a set of products P and its meta-product P. The
meta-product E(P) of the subset of relatively essential prime implicants of P
1s defined by the equation:

E(P) = XoXs.(P(o,s) A
(3s' (3 P(d,s)) @
(30" P(d,8) A —Equal((d,s), (0,5))))).

4 Representing Meta-Products with BDD’s

Binary decision diagrams are a very compact canonical graph representation
of Boolean functions that has been introduced in 1986 by R. E. Bryant [2].
In addition with being canonical, the BDD of a function is in most cases
smaller than any sum of products that denotes this function. Combining
two BDD’s (G; and G2 using the usual operators such as the conjunction or
the disjunction is done in O(|G1| X |G2|), where |G| is the number of vertices
of the graph GG. This means that the algorithms manipulating BDD’s have a
much more predictable behavior than the algorithms manipulating sums of
products, because these basic operations are exponential in the worst case on
this representation. Binary decision diagrams also are a good representation
of subsets of {0,1}" because there is no direct correspondence between the
number of elements in such a subset and the size of the BDD that denotes
this subset, so very large subsets of {0,1}" can be represented with small
BDD’s.

4.1 The Variable Ordering Problem

Except for the special class of symmetric functions, the size of the BDD
of a Boolean function heavily depends on the input variable ordering used
to build this BDD. There exist functions from {0,1}" into {0,1} whose
BDD has a polynomial size (with respect to n) for the best input variable
ordering and an exponential size for the worst ordering [2]. This section
shows that there exists a good variable ordering of the variables {o1,...,0,}
and {s1,..., s} used to built BDD’s of meta-products.

The equations that define the meta-products of relatively prime and
relatively essential prime implicants use the terms Fqual((o,s), (0, s)),



Contain((o, s), (d',s")), and X(o,s)(x). There exist several variable order-
ings that minimize the sizes of the BDD’s of these expressions. For the term
Equal((o,s), (d',s")), these variables orderings have the following property:

{Ow(l)yo;u)} < {871'(1)78;(1)} <
{07r(2)70;r(2)} < {871'(2)78;(2)} <

{0r(m)s Oy} < {Sn(n)s Srin) }

where 7 is a permutation of the integers {1,...,n}. This relation states
that the variables o, and s; must be clustered and that the different clusters
thus formed can be permutated. The BDD of the term Fqual((o, s), (¢, s)),
shown in Figure 1, has 6n vertices for any variable ordering compatible with
the relation given above.
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Figure 1. Minimal BDD’s of the terms Equal((o, s), (¢, s')),
Contain((o, s), (d',5")), and X(o, s)(z).

The different variable orderings that minimize the BDD of the term
Contain((o, s), (0',s")) are defined by the relation:

Ox(1) < 0;(1) < {Sw(1)75;r(1)} <
Or(2) < 0;(2) < {Sﬂ(2)78;'(2)} <

On(n) < O;.(n) < {Sﬂ(n)78;(n)}7



where 7 is a permutation of the integers {1,...,n}. This relation states
that the variables oy, s, 0}, and s must be clustered, and that the dif-
ferent clusters thus formed can be permutated. The BDD of the term
Contain((o,s), (d',s")), shown in Figure 1, has 5n vertices for any variable
ordering compatible with the relation given above. These variable orderings
are compatible with the variable orderings that minimize the BDD of the
expression Equal((o, s), (0',5)).

Finally, the different variable orderings that minimize the BDD of the
term X(o, s)(z) are defined by the relation:

or1y < {sra)pTr)} <
Or2) < {s7r(2)71"7r(2)} <

On(n) < {sw(n)7$w(n)}a

where 7 is a permutation of the integers {1,...,n}. This relation states
that the variable op must be put before the variables s; and xzj, and that
the different clusters thus formed can be permutated. The BDD of the
term X(o, s)(x), shown in Figure 1, has 4n vertices for any variable ordering
compatible with the relation given above.
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Figure 2. Swapping the variables o and s; in BDD’s of meta-products.

The different variable orderings given above are compatible, and it can
be shown that they are also good for representing meta-products. Figure 2
shows that the variable s; should not be put before the variable oj because
in many cases it will lead to a larger BDD. It can also be shown that the
interleaving defined above makes some useful computations, for instance
counting the number of products in the set denoted by a meta-product (see



Section 4.2), linear with respect to the size of the BDD of this meta-product.
In the following we will consider that the BDD’s of meta-products are built
with the ordering:

01 <81 <02<82<...<0p <S8y

4.2 Product and Literal Costs

Though there is no direct correspondence between the number of elements
in the subset Sy of {0,1}" denoted by the function f and the size of the
BDD of f, counting this number of elements can be done in a time linear
with respect to the number of vertices in this BDD. Since several couples
(0,s) can denote the same product, the number of elements in the subset
Sp of {0,1}™ x {0,1}" denoted by the characteristic function P is not equal
to the number of products in the subset of P,, denoted by the meta-product
P. We show here that the two cost functions on sums of products defined
in Section 2 can be evaluated in times linear with respect to the numbers of
vertices of the BDD’s of their meta-products.

Consider the meta-product P built out of the set of wvariables
{o1,...,0n,51,...,5n}, and P the set of products it denotes. Shannon ex-
pansion of P with respect to the variable oy provides us with the couple
of functions (Psr, Po, ). The function (o5 A Ps;) denotes the subset of P of
products that do not contain the variable x;. The function (of A P,, ) de-
notes the subset of P of products that contain the variable x;. This set is the
union of two disjoint sets that are the subsets of P of products that contain
the literal (Zx) and the literal (xj) respectively. These sets are denoted by
the functions (ox A Sg A Po,si) and (og A Sg A Py, s, ) respectively, where the
couple of functions (Po, 57, Poys,,) is Shannon expansion of the function P,
with respect to the variable s;. We thus have the equality:

ProductCost(P) = ProductCost(Pgy) +
ProductCost(Po,5) +
ProductCost(Po,s, ),

from which it is immediate to derive a product counting function that has a
complexity linear with respect to the number of vertices in the BDD of the
meta-product P.

The literal cost of the meta-product P can also be evaluated with a
complexity linear with respect to the number of vertices in the BDD of the
meta-product P. The literal cost associated with the subset of P of products
containing the literal (Zy) is the cost of the products in the set denoted by
Porse plus the number of elements in this set, because the literal (77) will
be added to each element of this set. The same can be said of the set of
products that contain the literal (xy). We thus have the equality:

LiteralCost(P) = LiteralCost(Ps;) +
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LiteralCost(Po,s;) + ProductCost(Po,5) +
LiteralCost(Po, s, ) + ProductCost(Po,s, ),

from which it is also immediate to derive a literal counting function that has
a complexity linear with respect to the number of vertices in the BDD of
the meta-product P.

5 Cubes, Primes and Essential Primes of Boolean
Functions

The usual Boolean operators in addition with the quantified variable elim-
ination are sufficient to compute the meta-products that denote the sets
of prime implicants and of essential prime implicants of Boolean functions
as well as Boolean functions with a care set. This computation is done in
two main steps. The first step consists in computing the meta-product of
the set of cubes of this function, and the second step consists in extract-
ing the meta-products of the set of prime implicants and of essential prime
implicants from this meta-product using the equations given in Section 3.

5.1 Cubes

The following theorem states the meta-product Cube(fc) of the set of cubes
of a Boolean function f¢ with the care set C can be computed using the usual
Boolean operators in addition with the quantified variable elimination.

Theorem 5.1 Let fo be a Boolean function from the set {0,1}" into the
set {0,1} with the care set C. The meta-product Cube(fc), which denotes the
set of all products built out of the set of variables {x1,...,x,} that are cubes
of the function fc, is a Boolean function from the set {0,1}"™ x {0,1}" into
{0,1} defined by the equation:

Cube(fc) = XoAs.((Fz X(o,s)(x) A Xc(x)) A
(Ve Xc(z) = (X(0,8)(x) = f(2))))-

In the case where the care set of the function fo is the complete input set,
this equation can be simplified into:

Cube(fro1yn) = Ao.As.(Va X(o,5)(x) = f(z)).

5.2 Prime Implicants and Essential Prime Implicants

Since the meta-product Cube(fc) of a function fo represents all the products
built out of the set of variables {z1,...,x,} that are cubes of this function,
computing the meta-product of all the products that are prime implicants
of fo comes down to computing the relatively prime implicants of this set
of products.

11



Theorem 5.2 Let fo be a Boolean function from the set {0,1}" into the
set {0,1} with the care set C, and Cube(fc) be the meta-product of the set
of cubes of fc. The meta-product Prime(fc), which is the meta-product of
the sets of products built out the set of variables {x1,...,x,} that are prime
implicants of the function fc, is equal to:

Prime(fc) = Z(Cube(fc))
= Mo.\s.(Cube(o, s) A (Vo' Cube(o Ao, s) = (0 <0)))

Theorem 5.3 Let fo be a Boolean function from the set {0,1}™ into the set
{0,1} with the care set C, Cube(fc) be the meta-product of the set of cubes
of fc, and Prime(fc) be the meta-product of the set of prime implicants of
fc. The meta-product Essential(fc), which is the meta-product of the sets of
products built out the set of variables {x1,...,z,} that are essential prime
implicants of the function fo, is defined by the equation:

Essential(fo) = E(Cube(fc))
= Xo.\s.(Cube(o, s) A
3 f(sh e
(30’ Cube(d, s') A =Equal((d,s), (0,5)))))
= E(Prime(fc))
= Mo.As.(Prime(o,s) A
(3 f(s e
(30" Prime(d’,s") A ~Equal((d, s'), (0,5)))))

The equations above show that there are two ways to compute the meta-
product Essential( fc), either directly from the meta-product Cube(f¢), or in
two steps, by first extracting the meta-product Prime(fc) from the meta-
product Cube(fc), and then by extracting the meta-product Essential(fc)
from Prime(fc). Both ways use only the standard BDD operations such as
the conjunction and the disjunction, in addition with the quantified variables
elimination which itself can be implemented using these operators.

6 Experimental Results

We have used the method presented in this paper to compute the sets of
prime and of essential primes implicants of all the output functions of some
combinational and sequential circuits. Table 1 gives the characteristics of
the circuits. Except for the entries indust, math, and random, #Ins is
the number of input variables, #Funs is the number of output functions,
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Name H ##;SZS #Funs ‘ #Primes ‘ #Essentials
math 23 128 8616 1937
indust 111 2412 87797 17284
random 11 189 118141 169
cbpl6 32 17 655287 655287
cbp32 64 33 | 42949672960 | 42949672960
dsip 452 421 22850 2223
mm10 43 40 10015327 127139
mm205,6 outputs 83 60 5243035 5242976
pewd 123 213 11442 1119
s1423 91 79 469397 36226
prod 20 33 24831 1950
cdm3 46 32 55386 782
clml 46 115 15219 862
bred 49 1 27778 27778
add3 21 11 77008 199
add4 29 12 688167 247
addsub 31 15 408190 102413
rip0d 8 5 75 75
rip08 16 9 1499 1499
mul06 12 12 5430 765
mul07 14 14 28972 1551
mul08 16 16 152051 3879

Table 1. Characteristics of Examples.

#Primes is equal to > ProductCost(Prime(f)) for all output functions
f, and #Essentials is equal to 3_; ProductCost(Essential(f)). The entries
indust, math, and random correspond to the directories of the MCNC 2-level
minimization benchmark. Note that the output functions of these circuits
have care sets. For these entries, column #Files is the number of circuits
in this directory, and #Funs, #Primes, and #Essentials are the sums
of the figures obtained for each circuit of the directory. All the circuits of
Table 1 put together have 3867 output functions.

Each file has first been translated from its original format into an in-
termediate form in which Boolean functions are represented with a textual
form of BDD’s. The CPU times needed to perform these translations are
not included in the results presented here. The variable ordering used to
build these BDD’s, computed using the heuristics described in [8], is the
same for all functions of a file, and the occurrence and sign variables are
ordered according to this input variable ordering.

Table 2 gives the CPU times in seconds and the memory sizes in Mbytes
needed to perform the computations on a SUN Sparc2 workstation. Column
Timep, is the CPU time needed to compute the meta-product of the set
of prime implicants (Theorem 5.2) of each output function of the circuit,

13



Name Primes Essentials

Time,, | Mem,, || Time.. | Meme. || Timeep, | Memey,
math 17.6 1.2 50.5 2.1 32.5 1.7
indust 289 1.8 1273 4.3 639 3.5
random 511 2.4 1427 4.3 892 2.7
cbpl6 2.5 0.8 4.3 1.1 5.4 1.1
cbp32 12.3 1.4 22.5 2.0 30.5 1.9
dsip 21.9 1.0 71.8 1.5 62.9 1.3
mm10 598 4.0 5694 10.8 884 5.3
mm20 10.7 1.3 23.5 2.0 24.2 1.9
pewd 15.1 1.0 46.5 1.5 39.6 1.3
51423 154 1.8 891 3.8 347 3.0
prod 14.2 1.1 45.7 1.8 34.2 1.5
cm3 32.1 1.6 128 3.2 69.2 2.2
clml 47.4 2.9 358 9.4 93.5 4.3
bred 1.1 0.5 2.3 0.9 2.5 0.9
add3 11.6 1.3 36.1 1.7 30.3 14
add4 18.5 1.3 55.0 2.0 43.4 1.5
addsub 3.2 0.9 6.4 1.3 7.7 1.3
rip04 0.1 0.1 0.2 0.1 0.2 0.1
rip08 0.5 0.2 0.8 0.4 0.9 0.5
mul06 23.8 1.4 108 3.9 48.2 1.8
mul07 138 3.9 932 18.2 275 5.5
mul08 1001 15.6 — > 24 1903 22.1

Table 2. Experimental Results.

and Memy, is the memory size needed to make this computation. Columns
Timee. and Memg, are the CPU time and memory size to compute the
meta-product of the set of essential prime implicants of each function, by
first computing the meta-product of the set of cubes of this function (Theo-
rem 5.1), and then using this meta-product to compute the requested meta-
product (Theorem 5.3). Finally, columns Timecp and Memegp, are the CPU
time and memory size to compute the meta-product of the set of essential
prime implicants of each function, by first computing the meta-product of
the set of cubes of this function, then extracting the meta-product of the
set of prime implicants of the function (Theorem 5.2), and finally using this
meta-product to compute the result (Theorem 5.3).

These experimental results show that the method presented here can
be applied to Boolean functions with very large number of primes. For all
but small examples, the essential prime implicant computation that uses
the intermediate meta-product Prime is more efficient that the computation
using the meta-product Cube. This comes from the fact that for all large
examples, the BDD of the meta-product Prime is much smaller than the
BDD of Cube and that computation costs are directly related to the sizes

14



of these BDD’s. This is particularly the case for the multipliers mul07
and mul08, and the mm10 circuit. Moreover the results show that there is
no relation between the CPU times and the number of primes in the sets
denoted by the meta-products computed here.

7 Conclusion

In this paper we have presented a method to compute in an implicit way
the sets of cubes, of prime implicants, and of essential prime implicants
of Boolean functions with care sets. The key ideas used in this method
are to represent products built out of the set of variables {z1,...,z,} with
formulas, called meta-products, built out of 2 sets of variables {o1,...,0,}
(the occurrence variables) and {si, ..., sy} (the sign variables), and to denote
these formulas with binary decision diagrams.

Though this method allows us to deal with functions with very large
numbers of prime implicants and of essential prime implicants, there are
functions for which the memory size needed to store intermediate results is
too large to make these computations possible. In order to decrease this
memory size, we have developed an incremental implicit prime computation
method that performs a depth-first traversal of the BDD of the function
under consideration and computes the result bottom-up. This method [5],
which will be presented in a forthcoming paper, allows us to handle functions
that cannot be handled by the method presented here.

It has been shown [10, 11] that computing the prime implicants and
essential primes implicants of a multiple-valued input and output function
comes down to computing the prime implicants and essential primes impli-
cants of a multiple-valued input Boolean function. There are several ways to
extend the method presented here in order to deal with such Boolean func-
tions, that correspond to different ways to encode the multiple-valued input
variables of the function into Boolean variables. With these different encod-
ings correspond different meta-product representations and their associated
calculi. These different techniques will also be presented in a forthcoming

paper.
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