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ABSTRACT

Computing prime and essential primes of Boolean functions is a problem that has
applications in many different areas of computer science including computer design [2,
9], automated reasoning [12], and reliability analysis [8]. Though much effort has been
spent on this problem over the last decades, all the prime computation techniques
that have been developed so far are of limited power because they all manipulate
sets of primes explicitly. This chapter presents a new prime computation procedure
that overcomes this limitation because its complexity is not related to the number of
primes to be computed but to the sizes of the graphs used to represent the sets of
primes implicitly.

1.1 INTRODUCTION

A prime implicant computation technique has been recently introduced that
makes possible to handle Boolean functions with sets of primes and of essential
primes too large to be explicitly built [6, 7]. The key ideas that underlie this
technique are to represent and to compute these sets implicitly using metaprod-
ucts [6] that are a canonical representation of sets of products, and to represent
these metaproducts with binary decision diagrams (BDD) [4]. This technique
overcomes the limitations of all previously known prime computation tech-
niques because its cost is related to the size of the BDDs it manipulates, and
not to the number of primes to be computed.
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The BDDs of metaproducts that represent sets of primes and of essential primes
are very redundant. The elimination of these redundancies produces dramati-
cally smaller BDDs, and it can be done in such a way that the resulting repre-
sentation, called the Implicit Prime Set (IPS) representation, is still canonical.
However, metaproducts were defined in such a way that set operations on set
on products correspond to logical operations on metaproducts, and this corre-
spondence does not exist anymore with IPSs, so that the prime computation
techniques presented in [7] cannot be implemented using IPSs because they
manipulate sets of products that are not all primes and such sets cannot be
represented with IPSs.

This chapter presents the implicit prime set representation and the new prime
and essential prime computation procedure based on this representation. This
procedure has been shown by experience to be more powerful than any previ-
ously known procedure, including the one based on metaproducts, since it can
handle with success all the vectorial Boolean functions described in the MCNC
benchmark [15] that include examples that had never been treated before.

This chapter is divided in 6 parts. Section 2 presents the problems addressed
here, and introduces the notations and the elementary concepts that will be
used to solve them. We assume the reader familiar with binary decision dia-
grams [4]. Section 3 briefly presents the metaproduct representation, explains
why BDDs of metaproducts of prime sets are redundant, and then introduces
the IPS representation. Section 4 presents the IPS based prime and essential
prime computation of Boolean functions. Section 5 presents the theorems that
allow us to handle vectorial Boolean functions using the procedure presented
here. Section 6 gives experimental results obtained with this new procedure.

1.2 DEFINITIONS AND NOTATIONS

1.2.1 Formulas and Functions

A propositional formula built out of n propositional variables denotes a unique
Boolean function from {0,1}" into {0,1} [10]. A literal is a propositional
variable xy or its negation, also noted Tr. We note A(xzy, L, H) the function
(e AL)V (i, AN H). We note (fzr, fz,) the unique couple of functions obtained
using the Shannon expansion of f with respect to xy [1],

A function f from a set E into {0,1} denotes a unique subset of E that is
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f71(1). Conversely any subset S of E is denoted by a unique function from F
into {0, 1}, called its characteristic function, that is valued to 1 for every = of
S, and that is valued to 0 elsewhere. Thanks to this correspondence, we will
not make any difference between a set and its characteristic function.

Let f be a function from E into {0,1,*}. We note f°, f!, and f* the charac-
teristic functions of the sets f=1(0), f~1(1), and f~!(x) respectively. The sets
9, f!, and f* are often called the off-set, the on-set, and the don’t care-set
of the function f respectively. We will note f* the set f=*(1) U f~1(x). The
function f is said to be completely defined if f* is empty.

1.2.2 Products and Implicants

A product built on the space £ = Ej x---x E,, is a non empty cartesian product
S1 X --- xS, in which each set Sy is a subset of the set E}y. The containment
relation “O” is a partial order on the products. Let f be a function from E
into {0, 1, *} and p be a product built on E. The product p is an implicant of
fiff pN fO=@. It is a prime of f iff p is an implicant of f, and if there is no
other implicant of f that contains p. In other words, p is a prime of f iff it is
a maximal element of the set of implicants of f with respect to “2”. Finally,
the product p is an essential prime of f iff there exists an element x of f! such
that p is the only prime of f that contains z. In the sequel, the sets of primes
and of essential primes of the function f will be noted Prime(f) and Ess(f)
respectively.

In the particular case where all the sets E}, are the set {0, 1}, the set of products
that can be built on F is noted P,. By definition, P, = {€, 771,21} X --- X
{€, T, Tn }, where € is the empty string. An element of P, is a string interpreted
as the conjunction of its literals, which is the characteristic function of the set
it represents. For instance the product z1Zzz4 of P, represents the subset
{1} x {0} x {0,1} x {1}, i.e., {[1001],[1011]}, of {0, 1}*.

Let P be a subset of P,,. We note P, the subset of products of P in which none
of the literals T, and x, occurs. We note Pz;- the set of products containing no
occurrence of Ty, such that {Zy} x Pg is the subset of products of P in which
the literal Zf occurs. We note P,, the set of products containing no occurrence
of z, such that {zx} x Py, is the subset of products of P in which the literal
xy, occurs. For example, if P = {x1%4, o, 2024, Tax3}, we have P, = {x174},
Pz = {x3}, and P,, = {€,24}. The sets defined above allow us to build the
following canonical partition of the set P:

P = P, U({#)} x Pe) U{ar} x Py,).
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1.2.3 IntPro, Deg, and Prime Sets

Let P be a set of products built on E, and S be a subset of E. We note
IntPro(P,S) (for intersecting products) the set of products of P that contain
at least one element of S:

IntPro(P,S) = {peP|pnS+#0}.

We note Deg(P, k) the set of elements of E that are contained by exactly k
products of P:

Deg(P,0) = {z€E|Vpe Puxdp}
Deg(P,k+1) = {x€E|3pePrxecpAxec Deg(P\{p} k)}

A prime set is a set of products P such that there is no product ¢ contained by
(Up€ pp) that strictly contains a product of P. In other words, P is a prime
set iff the following predicate holds:

~(Fge2® x - x 2% 3peP (| Jp) 2¢D0p).
peEP

Note that a prime set is a set of products that are all maximal with respect
to “2”, but the converse is not true. For instance the set {Z1,z1} is a set of
maximal products, but it is not a prime set. In particular, for any function f
from E to {0, 1}, the sets Prime(f) and Ess(f) are prime sets. The set of prime
sets is closed under the intersection, the difference, the cartesian product, the
IntPro operation, and the canonical decomposition defined above. However it
is not closed under the complementation, the union, or the concatenation.

1.3 THE IPS REPRESENTATION

In this section we briefly present the metaproduct representation and explain
why it is very redundant when used to represent prime sets. Then we introduce
the implicit prime set (IPS) representation obtained after eliminating these
redundancies, and explain how the elementary set operations are realized on
this representation.

1.3.1 Metaproducts

Metaproducts are built using the many-to-one mapping o from the set {0, 1}" x
{0,1}" onto the set P, defined as follows [6]: o([01...0p],[s1-..8s]) =11 .. .1n,
where [, = e if o, = 0, [, = T if o), = 1 and s = 0, and finally I = xy if
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or = 1 and sy, = 1. For instance, the couple ([1101], [1001]) denotes the product
r1Z2x4. The variables oy are the occurrence variables, and the variables s; the
sign variables. In the sequel we will note o and s the vectors [o; ...0,] and
[s1-...sn] respectively.

Figure 1. From set of products to metaproducts.

As shown in Figure 1, we call metaproduct P of a subset of products P of
P,,, the characteristic function of the set (I,ep o' (p)), and, by extension, the
binary decision diagrams of this function. Figure 2 shows the metaproduct P of
the subset of products P = {94, z12324, T1xoT32x4} of Py. Every path from
the root of this BDD to the leaf 1 defines a partial assigment of the occurrence
and sign variables o and s, such that (o, s) € P. Conversely, any couple (o, s)
of {0,1}"™ x {0,1}", such that o(o, s) € P, satisfies P(o,s) = 1.

Figure 2. Metaproduct of the subset {z2Ty, ¥12324, T122T324} Of Py.
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Since the collection (J_l(p))pepn is a partition of {0,1}"™ x {0,1}", metaprod-
ucts are a canonical functional representation of subsets of P, [6]. For this
reason, operations on sets of products correspond with logical operations on
their metaproducts [6] . For any metaproducts P and P’, the function (P VP’)
is the metaproduct of the union of the sets of products P and P’ denoted by P
and P’ respectively ; (—P) is the metaproduct of (P, \ P) ; the set P is included
in the set P iff (P = P’) =1 ; finally, the metaproduct of P, is (—ox A Psr),
the metaproduct of Py is (o A sk A Po,51), and the metaproduct of P, is
(0K A Sk A Poysy)-

The properties given above make many operations on sets of products, for
instance counting the number of elements in a set of products, linear with
respect to the size of the metaproducts of these sets, if these BDDs are built
with the variable ordering:

Or(1) < 8x(1) < 0x(2) < Sg(2) <" < Ox(n) < Sn(n),

where 7 is a permutation of the integers {1,...,n} [6]. In the following we will
consider that the metaproducts are always built with such a variable ordering,
and moreover, that the permutation defining this ordering is the same as the
one defining the variable ordering used to build the BDD of the function under
treatment.

1.3.2 Implicit Prime Sets

In this section we first give a theorem showing that the metaproducts have prop-
erties that make them very redundant when used to represent prime sets. Then
we explain how these redundancies can be eliminated from these metaproducts
to produce the implicit prime set representation.

Theorem 1 Consider a prime set P and its metaproduct P. Then for any k,
the three following properties hold:

Poize = Popss (1)
(Poz APo,) = 0 (2)
(’POkST~ A Poksk) =0 (3)

Proof.  Suppose that (1) is false, for instance for k = 1. Then there exist o’ and
s’ belonging to {0,1}"~1 such that P(00',0s’) # P(00’,1s’). For instance, as-
sume that P(00’,0s") = 1 and P(00’,1s’) = 0. Then the product p = o(00’,0s")
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belongs to P. But the definition of o implies that ¢(00’,1s") = o(00’,0s’), so
(00',15") € o~ Y(p), which implies that P(00’,1s’) = 1, which is impossible by
hypothesis. Note that this property holds for any metaproduct.

Now suppose that (2) is false, for instance for & = 1. Then there exist o’ €
{0,1}"7! and s € {0, 1}" such that P(00',s) = P(10’,s) = 1. Let p = o(00, s).
Both products p and [yp, where I = 77 if sy = 0 and I; = x7 if s; = 1, belong
to P, which implies that P is not a prime set, because (Upepp) DpDlip.

Finally suppose that (3) is false, for instance for ¥ = 1. Then there exist o’
and s’ belonging to {0,1}"~! such that P(10/,0s") = P(10/,1s’) = 1. Let
g = c(00',0s"). Both the products x1¢ and T1q belong to P, which implies that
(Upepp) 2 (z1qUT1q) = ¢ D x1¢, and so P is not a prime set. ]

The consequence of property (1) is that, for any path in a metaproduct on which
the occurrence variable oy is set to 0, changing the value of the sign variable
s does not change the leaf that is reached. The consequence of property (2)
is that all the occurrence variables occur on every path from the root of the
metaproduct of a prime set to the leaf 1. The consequence of property (3) is
that the sign variable s occurs on every path from the root of the metaproduct
of a prime set to the leaf 1 on which the occurrence variable oy is set to 1.

Definition 1 The implicit prime set (IPS) of a prime set P is the BDD ob-
tained after having applied the two following reduction rules on the metaproduct
of P. The rule (R1) applies on any subgraph of this BDD denoting a set of
products in which the variable xj never occurs, and the rule (R2) applies on
any subgraph of this BDD denoting a set of products in which the variable xy,
always occurs.

Figure 3. Reduction rules transforming metaproducts into IPSs.

Theorem 2 Implicit prime sets are a canonical representation of prime sets.

The proof of canonicity of the implicit prime set representation is done by
showing that properties (1), (2), and (3) given above are sufficient to build the
metaproduct of a prime set from its IPS. This proof is based on the following
theorem.
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Theorem 3 Let P be an IPS built with the variable ordering o1 < s1 < -+ <
On < Sp. Then the evaluation of IPStoMP(P,1) returns the metaproduct of
the prime set denoted by the IPS P.

function ZPStoMP(P : IPS, k : int) : BDD;
if P =0 return 0;
if P=1
if k=n+1
return 1;
else
return A(oy, ZPStoMP(1,k + 1),0); /* case (c) */
let A(vg,L,H) =P in
if kE<k
return A(oy, ZPStoMP(P,k + 1),0); /* case (c) */
else if v=o0
return A(oy, ZPStoMP(L,k 4+ 1), ZPStoMP2(H)); /* case (a) */
else
return A(ox, 0,ZPStoMP2(P)); /* case (b) */

function ZPStoMP2(P : IPS) : BDD;
let A(sg,L,H)="7P in
return A(sy,ZPStoMP(L,k + 1),ZPStoMP(H,k + 1));

Figure 4. Building the metaproduct of a prime set from its IPS.

Proof. Consider a path from the root of the IPS P to the leaf 1. For any k,
one and only one of the following cases can occur: (a) o is on the path ; (b)
or is not on the path but s is ; (c) neither oy nor s; are on the path. In the
case (a), the path assigns the variable o a value, and if this value is 1, then
the variable s is also on the path, so the function does not modify the values
of these variables. If this value is 0, then the variable s is not on the path,
and it does not have to be valued. In the case (b), the path does not satisfy
the property (2) given in theorem 1. However the properties (1) and (3) given
in this theorem state that s; occurs on a path of a metaproduct if and only if
this path assigns op to 1. This means that the reduction rule (R2) has been
effective, therefore o, must be set to 1. Finally, in the case (c), the path does
not satisfy the property (2) but since the variable s, does not occur on this
path, this means that the reduction rule (R1) has been effective, and of must
be then set to 0.

When the term ZPStoMP(P,k) is evaluated, the function ZPStoMP expects
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that the root vy of the BDD P is the occurrence variable oy. If this is not the
case, then one of the two reduction rules has been effective, and the function
tests whether the current root variable is s, in which case it was the rule
(R2) that had been applied on the metaproduct, or whether the current root
variable has an order greater than both o and si (k | k'), in which case it
was the rule (R1) that had been applied. In all cases the function ZPStoMP
rebuilds without ambiguity the metaproduct of the set denoted by P. O

Figure 5 shows the metaproduct with 16 vertices of the prime set {z2%y, 173524,
T1xeZzxy ) of Py and its IPS with 8 vertices, both of them built with the variable
ordering 07 < s; < --- < 04 < s4. The experimental results given in the sequel
actually show that the ratio between the size of the metaproduct of a prime set
and the size of its IPS can be up to 10 for some examples, which means that
this new representation is dramatically more compact that the metaproduct
representation.

Figure 5. Metaproduct and IPS of the set {x2T1, 12524, T1x2T324}.

The way IPSs must be interpretated is illustrated in Figure 5. The path marked
with dotted lines in the IPS defines the following partial assigment: o; = 0,
so = 1, and s4 = 0. The variable 0; occurs in the path, which corresponds to
case (a). The variable sy occurs on the path but not the variable o2 (case (b)),
so the variable oo must be set to 1. The variables o3 and s3 do not occur on
this path (case (c)), so the variable o3 must be set to 0. Finally the variable
s4 occurs on the path but not the variable o4 (case (b)), so the variable o4
must be set to 1. This path thus defines the assigment 01 =0, 0o =1, so =1,
03 =0, 04 =1, and s4 = 0 which denotes the product 574, which is indeed an
element of the set of products denoted by this IPS, and it correspond to the
path marked with dotted lines in the metaproduct.
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1.3.3 Fundamental Operations on IPSs

Metaproducts have been defined in such a way that operations on sets on prod-
ucts correspond with logical operations on metaproducts. This correspondence
does not exist anymore with IPSs so that realizing the set operations on this
representation must be done using a dedicated calculus. This section shows an
element of this calculus, the function Minus, that computes the IPS denoting
the difference of two prime sets from the IPSs of these sets.

function Minus(P : IPS, P’ : IPS) : IPS;
if P=P or P=0return 0;
if P=1lor P =0o0r P’ =1return P;
let A(vg,L,H)=P and A(v),,L',H') =P’ in
if k<K
if v=o0
return Norme(og, Minus(L, P"), H);
else
return P;
if B>k
if =0
return Minus(P,L');
else
return P;
if v=o0
if =0
return Norme(og, Minus(L, L"), Minus2(H, H'));
else
return Norme(oy, L, Minus2(H,P"));
else
if =0
return Minus2(P,H');
else
return A(sg, Minus(L, L"), Minus(H, H'));

function Minus2(P : IPS, P’ : IPS) : IPS;

if P =P return 0;

let A(sg,L,H)=P and A(sg,L',H')=7P' in
return A(sy, Minus(L, L"), Minus(H, H'));

Figure 6. Evaluating the set difference on IPSs.
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The evaluation scheme of the function Minus, which is the same as the one of
the functions realizing the other set operations on IPSs, consists of traversing
in parallel the two BDDs to be combined, and in building the resulting BDD
in a bottom-up way. At each recursion, the function Minus expects the roots
of the two BDDs to be the same occurrence variable, but, due to the reduction
rules (R1) and (R2), it actually has to consider 9 different cases that can be
reduced to 7 different cases, as shown in Figure 6. By using a cache where
partial results are stored, redundant computations can be avoided, and the
complexity of Minus is in O(|P| x |P’|), where |P| and |P’| are the numbers of
vertices in the IPSs P and P’ respectively.

function Norme(z : var, P : IPS, P’ : IPS) : IPS;
if P="P or P’ =0 return P;

if P =0 return P’;

return A(z,P,P');

Figure 7. The function Norme.

The normalization function Norme, shown in Figure 7, takes as input a variable
and two branches. It tests whether one of the two reduction rules can be
applied, and in this case it returns the non zero branch. If none of the rules
applies, it creates a new vertex according to the construction rules of BDDs [4].
Thanks to this normalization function, no useless node, i.e., node that would
be eliminated by the reduction rules, is created.

1.4 PRIME COMPUTATION OF
BOOLEAN FUNCTIONS

In this section, we show how the sets of primes and of essential primes of a
partial Boolean function can be computed using manipulations of prime sets.

1.4.1 Prime Computation

Let f be a incompletely defined function from {0,1}™ into {0, 1, *}. By defini-
tion, Prime(f) = Prime(f1*), so it is sufficient to deal with prime computation
of completely defined Boolean functions. The theorem below shows that ma-
nipulations of prime sets are sufficient to compute, using a recursive bottom-up
scheme, the set Prime(f) [2]. Note that the set of useful primes, i.e., that
contain at least one element of the care set, is IntPro(Prime(f), f*).



12 CHAPTER 1

Theorem 4 The set of primes Prime(f) of the Boolean function f from {0,1}"
into {0,1} is defined by:

Prime(0) = O
Prime(1) = {e}
Prime(f) = Prime(fzr A fz,) U

{mx} x (Prime(fz) \ Prime(faz A fe,)) U
{zx} x (Prime(fs,) \ Prime(faz A fz,))

It is immediate, using the theorem above, to compute in a recursive way, the
IPS (or the metaproduct) of the set of primes of a Boolean function from the
BDD of this function. This computation scheme is made explicit by Figure 8
showing the recursive rules that can be used to produce this BDD. When using
IPSs for representing the sets of primes, these rules are written:

Prime(0) = 0
Prime(1) = 1
Prime(f) = Norme(ok, Prime(fz A fz,)

A(s, Minus(Prime(fz), Prime(fz A fz,.)),
Minus(Prime(fz, ), Prime(fz A fz,))))

Note that these rules are different from the rules used to build the metaproduct
of this set, for instance the set of products {e} of P, is represented by the IPS
1, while it is represented by the metaproduct —(\/}_, o).

Figure 8. Recursive rules for prime computation with metaproducts.

1.4.2 Essential Prime Computation

The essential prime computation technique presented in [7] is based on the same
recursion scheme as the prime computation scheme presented above. In this
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chapter we present a new computation technique that makes use of a completely
different computation scheme based on the following theorems.

Theorem 5 The set of essential primes Ess(f) of the function f from {0,1}™
into {0,1, %} is equal to:

Ess(f) = IntPro(Prime(fl*),fl A Deg(Pm'me(fl*),l))

Theorem 6 Let P be a set of products, and f be a Boolean function. The
following equations [7] are sufficient to compute the set IntPro(P, f):

IntPro(P,0) = O
IntPro(P,1) = P
IntPro(P, f) = IntPro(P.,, fzrV fu,) U

{Zx} x IntPro(Ps, far) U
{,’L‘k} X [ntPro(Pwk,fmk)

Theorem 7 Let P be a set of products. The following equations are sufficient
to compute Deg(P,0) and Deg(P,1):

Deg(0,0) = 1
Deg(0,1) = 0
Deg({€},0) = 0
Deg({e},1) = 1
Deg(P,0) = Ala,

Dey(P,,,0) A Deg(Pz,0),
Deg(P.,,0) A Deg(Py,,0))
Deg(P,1) = A(zy,
(Deg(Pe,., 1) A Deg(Pr, 0)) V (Deg(P, , 0) A Deg(Pr, 1)),
(Deg(Pe,., 1) A Deg(Py,,0)) V (Deg(P,,0) A Deg(Py,, 1))

Figure 10 shows the recursive rules that can be used to build the metaproduct
of IntPro(P, f) from the BDDs of P and f, and Figure 9 shows the algorithm
for evaluating the function ZntPro on IPSs. The function Deg is based on
the recursive rules shown in Figure 11 that are formalized using the following
theorem.
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function ZntPro(P : IPS, f : BDD) : IPS;
if f=0o0or P =0return 0;
if f=1or P=1return P;
let A(vg,L,H)=P and A(xp,L' H')=f in
if k>Fk
return ZntPro(P,L' VvV H');
if v=s
return IntPro2(P, f);
if k=F
return Norme(og, IntPro(L, L' V H'), IntPro2(H, f));
return Norme(oy, IntPro(L, f), IntPro2(H, f));

function ZntPro2(P : IPS, f : BDD) : IPS;
let A(sp,L,H)=P and A(zy,L',H')=f in

if k=F
return A(sy, IntPro(L, L"), IntPro(H, H'));
else

return A(sg,IntPro(L, f),IntPro(H, f));

Figure 9. Evaluating the operator ZntPro on IPSs.

Figure 10. Evaluating ZntPro on metaproducts.

Figure 11. Evaluating Deg on metaproducts.
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The IPS of the set Ess(f) can be computed using two strategies. The first
strategy consists of computing Deg(Prime(f1*),1), then of building the term
T = (f'ADeg(Prime(f1*),1)), and finally of evaluating ZntPro( Prime(f'*),T).
Experience shows that the BDD of Deg(Prime(f'*),1) is very costly to build
and that this construction is the bottleneck in the procedure. The second strat-
egy consists of computing the term T without computing Deg(Prime(f'*), 1),
by taking into account f' during the computation of C. This is done in the
function Deg’(Prime(f**), f1), in which the BDD of f! is traversed in parallel
of the BDD P and is used to prune the recursion tree defined by the equations
given above. Experience shows that this strategy leads to a dramatically more
efficient treatment of large examples.

1.5 PRIME COMPUTATION OF
BOOLEAN VECTORIAL FUNCTIONS

This section present the theorems that allow us to compute the sets of primes
and of essential primes of partially defined vectorial Boolean functions using
the procedure described in the preceding section.

Let f = [f1... fm] be a Boolean vectorial function from {0, 1}" into {0, 1, *}™.
By definition [13], the primes and essential primes of f are the ones of the par-
tial single-output multi-valued Boolean function Ax.Ak.(fx(x)) from {0,1}™ x
{1,...,m} into {0, 1, x}, and computing the primes and essential primes of such
functions can be done in two ways.

The first way, presented in [11], consists of using the generalized definition
of metaproducts on the domain {0,1}" x {1,...,m}, which is similar to the
positional cube notation, and its associated calculus based on Boolean equa-
tion solving. However, experience shows that this approach is limited by the
computational costs of the composition and the quantified variable elimination
operations [7, 11]. Though there exist recursive algorithms to cope with this
computation, generalized metaproducts have an heterogeneous structure that
makes their implementation costly and quite complicated.

The second way consists of fully exploiting the power of the IPS based recursive
algorithms we have introduced in this chapter. This is done by reducing the
problem of prime computation of the partial Boolean vectorial function f to
the one of a partial Boolean function. This is done in the following way [5].
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Definition 2 Let f = [f1--- fim] be a partial Boolean vectorial function from
{0,1}" into {0,1,%}™. We define the partial Boolean function F(f) from
{0,1}™*™ into {0,1,} using the following equations defining the functions
FY¥(f) and FL(f), where y = [y1 ... Ym]"

F() = /\x-/\y-< (ﬂykvf;;"(ﬂf)vfé(x))>

T<ls T>=

FY ) = M-M/-( e AC N ﬁyj)/\fzi(l”))>

1<j<m
ik

The function F(f) is always well defined, because the formula F*(f) = F1*(f)
is a tautology.

Definition 3 We define the function o from the set P, x ({71, €} X+ - X {Upm, €})
onto P, x 215} such that o(p,q) = p x Q, where k € Q iff qi, = €.

The variable y that ranges over {0,1}™ encodes a subset of {1,...,m}. When
y denotes the singleton {k}, i.e., when y,, = 1 and y; = 0 for j # k, then
F(f)(x,y) = fr(x). So the function F(f) is nothing but an extension of
the function A\x.Ak.(fr(x)) : {0,1}" x {1,...,m} — {0,1,*} on the domain
{0, 1} x 2{Lm} where the latter is identified to the space {0,1}" x {0, 1}™.
One can see that with this extension, two notions are preserved through the one-
to-one mapping o. Firstly, the containment relation on products built on the
space {0,1}" x {1,...,m} and the one on products built on the space {0,1}" x
2{L-m} " Secondly, the notion of implicant of the function Az.\k.(f(z)) and
the one of implicant of the function F(f). The only slight difference is that
any product p X ¥y ...y, with p € P,, denotes, thanks to the mapping o, the
empty product in the space {0,1}™ x {1,...,m}, which is not considered as an
implicant of the function Az.A\k.(fx(z)). Therefore we have the two following
fundamental theorems [5].

Theorem 8 Let [ be a partial Boolean vectorial function from {0,1}"™ into
{0,1,%}™. o is a one-to-one mapping from Prime(F(f)) \ {v1-..Um} onto
Prime(f).

Theorem 9 Let f be a partial Boolean vectorial function from {0,1}™ into
{0,1,%}™. Then o is a one-to-one mapping from Ess(F(f)) onto Ess(f).
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Using these definitions and theorems, prime computation of a partial Boolean
vectorial function f essentially comes down to prime computation of the func-
tion F(f). Note that the term Ess(F(f)) is equal to

IntPro(Prime(F**(f)), F*(f) A Deg(Prime(F*(f)), 1)),
and also equal to
IntPro(Prime(F'*(f)), Deg' (Prime(F'™* (f)), F(f))).

The two strategies to evaluate Fss(f) will be compared in the next section.

1.6 EXPERIMENTAL RESULTS

Tables 1, 2, 3 and 4 give the experimental results obtained using the prime
computation technique presented in this chapter on the problems of the MCNC
benchmark [15]. Table 5 gives experimental results obtained on circuits from
the ISCAS-85 [3] and MIS [15] benchmarks. The CPU times given in these
tables are in seconds on a SUN SPARC Station 2 with 48Mb of main memory.

Each file of the MCNC benchmark describes a vectorial function f = [f1 ... f]
from {0, 1}™ into {0, 1, %}"™, and each function f} is specified using the functions
f+ and f;. Each file has first been translated from its original format into an
intermediate form in which the Boolean functions f; and f; are represented
with a textual form of BDDs. This translation required 9.2 seconds for the
“math” directory (23 files), 56 seconds for the “random” directory (11 files),
and 99 seconds for the “indust” directory (111 files). The variable ordering
used to build these BDDs is the same for all functions of a file.

’NameH i/o ‘#P \# ‘TP‘TE HNameH i/o \ #P ‘#E‘TP‘TE‘

E
bench *6/8| 391| 0]0.5| 0.8|p3 *8/14 185| 22| 0.6| 1.0
benchl *9/9| 5972| 0| 6.3]10.5 || testl *8/10| 2407| 0| 2.6| 5.1
ex1010 || ¥10/10| 25888 | 0| 29| 56| test2 |/ *11/35[109099| 0] 998|2318
exam || *10/10| 4955| 0| 2.5| 4.6 |[test3 ||*10/35| 41344| 0| 285| 749
fout x*6/10| 436| 2|0.7| 1.1 | testd *8/30| 6139 0|17.5| 75

pl *x8/18 287 25| 1.0 1.9
Table 1. The complete “random” benchmark.

First step in the implicit prime computation method presented in this chapter
is to build the BDDs of the Boolean functions F'*(f) and F!(f). The variable
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ordering used to build these BDDs is computed using the heuristics proposed by
Touati in [14]. This heuristics, that was proposed to build transition relations of
sequential circuits, applies here as well because the Boolean functions F1*(f)
and F1(f) have the same characteristics as transition relations. The CPU
times needed to compute these BDDs are included in the CPU times given in
the tables.

’ Name H i/o \ #P ‘#E‘TP‘TEHNameH i/o \ #P ‘#E‘Tp‘ Tk ‘
Z5zpl |[7/10] 390 8]0.3]0.5][m181 [[15/9[1636] 2]0.4] 0.8
Z9sym || 9/1]1680| 0] 0.2]0.3][mipa || 8/8] 606] 12]0.7] 1.1
add6 12/7(8568] 153| 0.2[ 0.3 |[radd || 8/5| 397| 35| 0.2] 0.3
addmd || 9/8[1122 24[0.9| 1.4|[rckl ||32/7| 302| 6] 0.9] 1.7
adr 8/5| 397| 35/0.2]0.3]rd53 5/3] 51| 2102 0.2
bed.div3 |[«4/4] 13 9] 0.2] 0.2][rd73 7/3| 211]106[0.2| 0.3
col4 14/1 14| 141 0.2] 0.2 || root 8/5| 152 9/0.3|] 04
dist 8/5| 401| 23[0.5|0.7(sqr6 |[6/12] 205 03] 0.6
f51m 8/8| 561| 13[0.3|0.5( sym10][10/1[3150] 0]0.2[ 0.3
I8err «8/8| 142| 15| 0.3] 0.4 [tial 18/4( 7145220 8.4[16.1
life 9/1| 224] 56| 0.2[0.2] 24 7/4| 167| 35[0.2] 0.3
log8mod|| 8/5| 105| 13| 0.3|0.4

Table 2. The complete “math” benchmark.

w

For each function, the column i/o gives the numbers of input and of output
variables (i.e., the values of n and m respectively), and a “+” in this column
indicates that this function is partially defined, the columns #P and #E
give its number of primes and essential primes respectively, the column Tp
gives the CPU time needed to read the BDD description of the function, to
compute the BDDs of F*(f) and F!(f), to compute the IPS of Prime(f) and
to compute the size of this set, and finally the column Tg is the CPU time
needed to perform all these task and in addition, to compute the IPS of Ess(f),

and to compute the size of this set.

Table 1 gives the results obtained for the 11 files of the directory “random”, and
Table 2 gives the results obtained for the 23 files of the directory “math”. All
these functions can be treated, in particular the functions “ex1010”, “test2”,
and “testd” for which, as far as we know, prime computation had never been
achieved successfully before by procedures manipulating primes individually,
which is understandable because of the very large number of primes of these
functions. Note that the prime computation methods based on metaproducts
introduced in [6, 7] ran out of memory for the functions “test2” and “test3”.
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Table 3 and Table 4 give the results obtained for a selection of the 111 functions
of the directory “indust”. Table 3 gives the results for the Boolean vectorial
functions f whose numbers of primes are already known and are larger than
1000, or for which the CPU time needed to compute the IPSs of Prime(f) and
Ess(f) is larger than 1.3 seconds. Table 4 gives the results obtained for the
16 Boolean vectorial functions of directory “indust” for which the numbers of
primes were unknown so far. All these functions have been successfully treated.
Their numbers of primes are very large, and in most cases much too large to
allow these functions to be ever handled by methods that perform product by
product manipulations. Moreover the functions “accpla” and “x7dn” could not
be treated by the implicit prime computation methods presented in [6, 7].

’NameH i/o ‘#P‘#E‘TP‘TE H Name H i/o ‘#P ‘#E‘TP‘TE‘

al2 16/47 (9179 | 16| 1.2| 1.6|[inl 16/17| 928 54| 2.9| 7.0
alcom || 15/38|4657| 16| 0.8| 1.1|[in2 19/10| 666| 85| 1.1| 2.1
alu2 *10/8| 434| 36| 0.8| 1.6||in3 35/29| 1114| 44| 4.1|11.2
alu3 *10/8| 540| 27| 0.8| 1.4||ind 32/20| 3076|118| 4.2|12.7
b10 x15/11| 938| 51| 1.4| 4.0|/inb 24/14| 1067| 53| 1.8| 4.6
b12 15/9 |1490 2104| 0.7|[in6 33/23| 6174| 40| 2.7| 8.1
b2 16/17| 928| 54| 3.0| 7.0([in7 26/10| 2112| 31| 1.1| 3.7
b3 %32/20 | 3056 | 123 | 4.8 |14.2 || intb 15/7| 6522|186 7.3|13.0
b4 %33/236455| 40| 5.6 13.9 || lin 7/36| 1087| 8| 4.3| 9.5
b9 16/5]3002| 48| 0.5 1.3||m4 8/16| 670| 11| 1.0| 2.1
b10 x15/11| 938| 51| 1.4| 3.1||markl %x20/31| 208 1| 1.4] 2.5
bc0 26/11|6596| 37|9.2|21.8| max1024 10/6| 1278 14| 1.1| 2.0
bca %26/46 | 305|144| 7.2|10.4 || opa 17/69| 477| 22| 6.7 9.8
bcb %26/39 | 255|137| 4.8| 7.0|| pope 6/48| 593| 12| 2.2| 5.3
bee *26/45| 237|119| 5.6| 8.0 proml 9/40| 9326|182| 54| 123
bed %26/38| 172|100 3.8| 5.3| prom?2 9/21| 2635| 9| 83|15.5
chkn 29/7| 671 86| 1.0| 2.0||spla %*16/46| 4972| 33|11.4(14.3
cps 24/109|2487| 57| 34| 54|tl 21/33|15135| 7| 2.8| 4.9
erd 8/63]2532| 28| 5.3|16.8]|t2 x17/16| 233| 25| 0.7| 1.3
ex7 16/5(3002| 48| 0.4| 1.4|[vg2 25/8| 1188|100| 0.4| 0.8
exp *8/18| 238| 30| 0.9| 1.5 zldn 27/6| 1220|100| 0.7| 1.4
exep || *30/63| 558| 82| 7.9|10.0| x26dn 39/5| 916| 60| 0.9| 3.2
exps *8/38| 852| 56| 5.2(10.2 || x9dn 27/7| 1272|110| 0.7 1.5
in0 15/11| 706| 60| 1.3| 2.8 xzparc 41/73|15039|140| 34| 84

Table 3. 48 examples from the “indust” benchmark.

Table 5 gives the results that have been obtained for some other vectorial
Boolean functions from the ISCAS-85 [3] and the MIS [15] benchmarks. These
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Name H i/o \ #P ‘#E‘ Tp \ T ‘
accpla 50/69 1758057 97 | 359 | 1021
exd 128/28 | 1.8348 e+14 | 138 1.3 2.7
ibm 48/17 | 1047948792 | 172 | 3.5 30
Jbp 36/57 2496809 0| 184 | 367
mainpla 27/54 87692 29 | 398 | 1100
misg 56/23 | 6499491839 3| 04 0.6
mish 94/43 | 1.1243e+15 31| 2.7 6.4
misj 35/14 139103 13| 0.3 0.5
pdc *16/40 23231 21 129 214
shift 19/16 165133 | 100 4.5 | 154
signet 39/8 78735 | 104 | 207 | 4019
soar 83/94 | 3.3047e+14 2| 80| 182
t1 47/72 836287 46 52 115
ts10 22/16 524280 | 128 | 14.4 27
x2dn 82/56 | 1.1488 e+16 21 9.7 28
z7dn 66/15 566698632 | 378 29 117

Table 4. The 16 very large examples from “indust”.

functions are either the output functions of combinational circuits or the transi-
tion functions of sequential circuits. The functions coming from the ISCAS-85
benchmark are described by multi level networks which makes very difficult to
apply on them computation methods such as the one presented in [2] because
this method requires the functions to be given as sums of products. Note that
it has not been possible to compute the essential primes of the 8-bit multiplier
mul08. Note also that for large examples essential prime computation is much
more costly than computing only the primes.

The essential prime computation procedure based on the operator Deg’ was
shown by experience to be much more efficient than the one based on the oper-
ator Deg. The former procedure uses in most cases about 2 times less memory
than the latter, and it is at least 2 times faster. For instance, computing
Ess(markl) takes 55 seconds and 3.1 Mb with the latter procedure, and only
2.5 seconds and 0.5 Mb with the former. These CPU times and amounts of
memory are respectively 909 s and 33 Mb versus 244 s and 12 Mb for pde, 231 s
and 12 Mb versus 128 s and 12 Mb for proml, 141 s and 5.2 Mb versus 28 s and
4.7 Mb for x2dn. The second procedure ran out of memory for jbp, mainpla
and signet.

Experimental results show that IPSs are generally at least two times smaller
than their corresponding metaproducts. Table 6 gives a comparison for some
of examples appearing in the preceding tables. For each of these examples, this
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table gives in column #P the number of primes of the function, in column
IMP| the size of the metaproduct denoting these primes, in column [IPS| the
size of the corresponding IPS, and in column ratio the ratio between these
two sizes. This table shows that the ratio between the sizes of the metaproduct
and its corresponding IPS is greater than 2, and is more than 8 and 10 for the
examples OutO fStage and accpla respectively. This ratio is similar for the

CPU times needed to compute these BDDs.

’Name H i/o ‘ #P #E ‘ Tp ‘ Tk ‘
cbp16 33/17 | 6.8751e+10 327662 | 0.6 | 0.8
cbp32 65/33 | 2.8469¢+21 | 2.1474e+10 | 1.9 | 2.4
cont 30,/28 17060286 79| 15.0 | 44
melc 22/17 56895 6] 09| 1.9
52983 17/20 106307 36 | 204 | 32
5344 24/26 3270148 0| 70| 145
5344V || %24/26 17116666 0| 154 | 366
5382 24/27 11142527 6| 12| 29
5526 24/27 21523813 0| 37| 76
STI3.V || *54/42 47461616 6| 47| 128
51196 32/32 3365759 27 | 451 | 1288
seq 69/57 | 9.8531 e+09 36 | 248 99
add2 13/7 10110 5] 25| 5.1
add3 21/11 3573092 5| 78] 32
addd 29/12 | 4.9283¢+08 80| 86| 68
addsub || 31/15 | 3.6032e+09 32794 | 15| 46
add32 || 65/32 | 1.5677e+21 | 1.7179e+10 | 3.8 | 5.8
mul06 || 12/12 26264 13] 31| 48
mul07 || 14/14 163361 10 | 320 | 512
mul08 || 16/16 984384 7| 6872 ?
pitch 16/48 27560 35| 14.5 | 39
7ip08 16/9 182893 631 03| 04

Table 5. Functions from the ISCAS-85 and MIS benchmarks.

| Name [ #P | |MP| [ [IPS| | ratio |
$344 3270148 106994 | 54735 1.9
zparc 15039 74267 | 33083 2.2
erh 2532 20423 | 11074 2.7
jbp 2496809 297257 | 138973 2.1
testd 6139 135804 | 49182 2.7
OutO f Stage || 5280741 681082 | 80107 8.5
acepla 1758057 | > 2600000 | 255743 | > 10.1

Table 6. Comparison between metaproducts and IPSs.
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1.7 CONCLUSION

We have presented in this chapter a new prime and essential prime computation
procedure of Boolean functions that overcomes the limits of all already known
procedures. The performance of this procedure results from the combination
of the implicit prime set (IPS) representation and of its associated calculus.
Figure 12 shows the graph obtained by relating the CPU times needed for
prime computation, and the number of computed primes. This graph shows
that there is no relation at all between this two parameters. The straight
line on the left correpsond to a linear dependence between the CPU time and
the number of primes, and all techniques manipulating primes explicitly have
performances that are above this line. On the contrary the graph shows that
the procedure presented in this chapter has on all these examples a cost that
is sub linear with respect to the number of computed primes.

Figure 12. CPU times vs numbers of primes.

The development of this new procedure was motivated by the following remark.
Metaproducts of prime sets are very redundant, and the elimination of this
redundancy produces the new canonical IPS representation, dedicated to prime
set representation, that is much more compact than metaproducts. However
taking advantage of IPSs gives rise to two major problems. Firstly there is
no relation at all between set operations on IPSs and logical operations, as
it was the case for metaproducts. Secondly the essential prime computation
procedure presented in [7] manipulates sets of products that are not all primes.
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This led us to the definition of a new graph calculus and the essential prime
computation procedure presented here. IPS based prime computation is more
efficient than the procedure based on metaproducts presented in [7].

The IPS based calculus introduced here can also be used to compute irredun-
dant prime covers of partial vectorial Boolean functions, and work is being
done on such a procedure that opens the way to a new 2-level minimization
algorithm.
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