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Abstract

This paper presents a ZBDD (Zero-Suppressed Bi-
nary Decision Diagram) based framework that solves
a collection of graph optimization problems. We show
how these problems reduce to three primitive problems,
and how the later can be solved exactly using ZBDDs.
The application of this framework is illustrated on multi-
layer planar routing, where it can solve real-life instances
that cannot be handled otherwise.

1 Introduction

A number of graph and set optimization problems
occur in logic synthesis. For example, clique partition-
ing (equivalently, graph coloring) is used in microcode
optimization [10, pp. 168–169], scheduling [7, pp. 248–
252], resource binding and sharing [7, pp. 277–294] [10,
pp. 230–233], constrained state encoding [10, pp. 323–
327], and planar routing [3]. Set covering is used in logic
partitioning [2, 16], state encoding [17, 18, 1, 15], and
logic minimization [14]. BDD and ZBDD based methods
have been proposed to address some of these problems
on a one-to-one basis, e.g., [5, 15, 9, 12].

This paper focuses on a ZBDD based framework that
solves a collection of graph and set related optimiza-
tion problems. In particular, it captures most of the
applications mentioned above. Section 2 shows how a
number of graph problems can be expressed thanks to
three primitive problems. Section 3 shows how the prim-
itive problems are solved exactly with ZBDDs, with a
complexity that is not related to the size of the original
optimization problem, but to the size of the ZBDD that
encodes it. Section 4 illustrates the use of this frame-
work in solving multi-level topological planar routing.

2 Graph and Set Problems

This section presents the primitive problems from
which several graph optimization problems can be ex-
pressed. An undirected graph G is denoted with (V,E),
where V is the set of vertices, and E the set of edges. An
undirected edge will be seen as a set of two vertices, e.g.,
{u, v}. Two edges are adjacent if they share a common
vertex. A clique is a set of vertices that are all linked to
each other by edges.

2.1 Primitive Problems

Definition 1 (Maximal cliques) Find all cliques of
a graph that are not a proper subset of another clique.

Computing a maximum cardinality clique is NP–
complete [8], but computing all proper maximal cliques
(i.e., maximal w.r.t. set inclusion) is exponential1. We
let PropMaxClique(G) be the set of maximal cliques of
a graph G.

Let X and Y be two sets, and R be a relation defined
on X × Y . An element y covers x (or x is covered by y)
iff x R y. A subset Y ′ of Y covers a subset X ′ of X iff
every element in X ′ is covered by some element in Y ′.

Definition 2 (Minimum α-covering) Given
the triple 〈X,Y,R〉, the minimum α-covering problem
consists of finding a minimum cardinality subset Y ′ of
Y that covers at least a fraction α of X.

Definition 3 (Maximum k-cover) Given the triple
〈X,Y,R〉, the maximum k-cover problem consists of
finding k elements of Y that covers as many elements
in X as possible.

Note that minimum 1-covering is the minimum set cov-
ering problem. A generalization consists of assigning
non negative weights w to elements of X and Y , and
replacing the cardinality of a set Z with

∑

z∈Z w(z).
All these problems are NP–complete [8] (But the un-
weighted set cover is polynomial if |{x ∈ X | x R y}| ≤ 2
for all y in Y ).

2.2 Related Problems

A number of graph optimization problems can be ex-
pressed with the primitive problems, and several reduc-
tions can be obtained between all of them. We give
here some of these reductions on some well known NP–
complete problems [8]. Fig. 1 summarizes these algorith-
mic reductions. Fig. 2 shows the solution of these prob-
lems (in gray or with dotted lines) on a simple graph.

1Moon & Moser graphs have Ω(3n/3) [13] maximal cliques. For
an easier proof of non-polynomiality, let (V,E) be a graph made of
n disjoint cliques of n vertices. Thus |V | = n2, and the number of
maximal independent sets is nn, each of them made of n vertices
picked in the n cliques.



Figure 2: Clique, ind. set, vertex cover, clique partition, clique cover, dom. set, edge dom. set.
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Figure 1: Algorithmic dependencies.

Let V ′ be a set of vertices. It is an independent set iff
no two vertices of V ′ are linked by an edge. It is a vertex
covering iff for each edge {u, v} of E, at least one of u
and v belongs to V ′ (i.e., all edges intersect V ′). If C is a
clique of G, then C is an independent set of the comple-
mentary graph G, and V − C is a vertex covering of G.
Thus maximum clique, maximum independent set, and
minimum vertex covering are all equivalent. Minimum
vertex covering2 is the minimum set covering 〈E, V,∋〉.

A set of vertices V ′ is a dominating set iff for each u
of V − V ′, it exists a v of V ′ such that {u, v} ∈ E (i.e.,
all vertices are connected to V ′). Let us associate the set
y(v) = {v} ∪ {u | {u, v} ∈ E} with each vertex v. Then
V ′ is the set of vertices associated with the solution of
the minimum set covering 〈V, {y(v) | v ∈ V },∈〉.

A set of edge E′ is an edge dominating set iff for each
e of E−E′, it exists a e′ of E′ that is adjacent to e (i.e.,
all edges are adjacent to E′). Let us associate the set
y(e) = {e′ | e ∩ e′ 6= Ø} with each edge e of E. Then
E′ is the set of edges associated with the solution of the
minimum set covering 〈E, {y(e) | e ∈ E},⊆〉.

A clique partition is a set of cliques forming a parti-
tion of V . A clique partition is a coloring of the comple-
mentary graph (i.e., assigning a color to each vertex such
that two vertices connected by an edge have different col-
ors). A clique cover is a set of cliques such that each edge
of E belongs to some clique. Minimum clique partition
is solved with 〈V,PropMaxClique(G),∈〉, and minimum

2The similar problem that consists of covering the vertices with
a minimum number of edges is polynomial, since it is a set covering
problem where each covering set has the cardinality 2.
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Figure 3: A ZBDD, the ZBDD of 2V , and of AllEdge(V ).

clique cover is solved with 〈E,PropMaxClique(G),⊆〉.

3 Solving the Primitive Problems

This section shows how the primitive problems pre-
sented in Section 2.1 are expressed with set operations
on 2V . These set operations are implemented with ZB-
DDs (Zero-Suppressed Binary Decision Diagrams) [11].

Let V = {v1, . . . , vn}. Given X ⊆ 2V , we will de-
note Xεk the set of elements of X that do not con-
tain vk, and Xvk

the set made of the elements of X
that contain vk, from which vk has been removed. For
instance, with X = {{}, {v1, v2}, {v1, v3, v5}, {v4}}, we
have Xε1 = {{}, {v4}} and Xv1

= {{v2}, {v3, v5}}. A
ZBDD is a directed acyclic graph that encodes the re-
cursive decomposition of a set X w.r.t. the elements of
V in a given order. We will write vertex(vk, Xεk , Xvk

)
to denote the decomposition of X w.r.t. vk. Fig. 3
shows on the left the ZBDD of the set X given above as
example. Left (respectively right) branches denote Xεk

(respectively Xvk
).

3.1 Maximal Cliques

Let G = (V,E). The ZBDD of the set of edges E ⊆
2V has a size bound by 2|E|. Let AllClique be the set of



all cliques, and PropMaxClique be the set of all maximal
cliques. A clique is a subset of V that does not contains
any couple of vertices that are not joined by an edge.
We have:

PropMaxClique = max
⊆

AllClique, where

AllClique = NotSupSet(2V ,AllEdge(V )− E),

AllEdge(V ) = {{u, v} | u ∈ V, v ∈ V, u 6= v},

NotSupSet(X,Y ) = {x ∈ X | ∀y ∈ Y, x 6⊇ y},

max
⊆

X = {x ∈ X | ∀x′ ∈ X,x ⊆ x′ ⇒ x = x′}.

Fig. 3 shows the ZBDDs of 2V (whose size is |V |), and
of the set of all possible edges AllEdge(V ) (whose size
is 2|V |).

Both operations NotSupSet and max⊆ are imple-
mented with ZBDDs, as shown by Fig. 4 and 5, using
a divide-and-conquer strategy on the decompositions of
the arguments w.r.t. their top labels vk. The evaluation
of max⊆ makes use of NotSubSet , which is defined as:

NotSubSet(X,Y ) = {x ∈ X | ∀y ∈ Y, x 6⊆ y}.

We actually use a more efficient algorithm, which com-
bines both operations NotSupSet and max⊆ in a single
pass. It produces directly the ZBDD of PropMaxClique
from the ZBDD of E, without building the intermediate
ZBDD representing all the cliques.

3.2 Max. k-cover and Min. α-covering

We consider the maximum k-cover and minimum α-
covering3 problems on the structure 〈V, Y,∈〉, where
Y ⊆ 2V . We show that both of these problems are
solved with the operation ⊙ defined on 2V × 2V as:

X ⊙ Y = max
⊆

{x ∪ y | x ∈ X, y ∈ Y }.

Fig. 6 shows how ⊙ is evaluated on ZBDDs. This is a
commutative and associative operation, thus we intro-
duce the following notation (e.g., Y i ⊙ Y j = Y i+j):

Y k =







{{}} if k = 0
Y ⊙ Y · · · ⊙ Y
︸ ︷︷ ︸

k

if k > 0

The set Y k is the set of all the maximal unions of k
elements of Y . Let us denote MaxCard(Y k) all maxi-
mum cardinality elements of Y k. The cost of extracting
MaxCard(Y k) from Y k is linear w.r.t the size of the
ZBDD of Y k. MaxCard(Y k) is the set of all maximum
cardinality covers made of k sets picked in Y : this is
exactly the set of all solutions of the maximum k-cover
problem.

3Minimum 1-cover can be solved with the ZBDD based algo-
rithm developed in [5].

function MaxSet(X);
if X = {} or X = {{}} return X;
let T1 = MaxSet(Xvk )

T0 = MaxSet(Xεk ) in

return vertex(vk,NotSubSet(T0, T1), T1);

Figure 5: Evaluating max⊆ on ZBDDs.

function MaxDot(X,Y );
if X = {} or Y = {} return {};
if X = {{}} return Y ;
if Y = {{}} return X;
let T1 = MaxSet(MaxDot(Xvk , Yεk ∪ Yvk ) ∪MaxDot(Xεk , Yvk ));

T0 = MaxDot(Xεk , Yεk ) in

return vertex(vk,NotSubSet(T0, T1), T1);

Figure 6: Evaluating ⊙ on ZBDDs.

Since ⊙ is associative, we do not need to iterate k−1
evaluations of ⊙ to compute Y k and solve the maximum
k-cover problem. Indeed, we just need to use a binary
decomposition of k:

k =

p
∑

i=0

ki2
i, with ki ∈ {0, 1}, and

p = ⌊log2 k⌋.

Then Y k is expressed as:

Y k = Y k02
0

⊙ Y k12
1

⊙ Y k22
2

· · · ⊙ Y kp2
p

,

which requires only p−1+
∑p

i=0
ki (i.e., 2p in the worst

case) evaluations of ⊙ . For instance, the following se-

quence builds Y 25 with 6 evaluations of ⊙ (25 = 11001
2
,

and ⌊log2 25⌋ − 1 + (1 + 1 + 1) = 6):

Y 2 = Y ⊙ Y

Y 4 = Y 2 ⊙ Y 2

Y 8 = Y 4 ⊙ Y 4

Y 16 = Y 8 ⊙ Y 8

Y 24 = Y 16 ⊙ Y 8

Y 25 = Y 24 ⊙ Y

One can also compute in a linear time w.r.t the size
of the ZBDD of Y k the greatest fraction α(Y k) of the
elements in V that are covered by k sets in Y . When

α(Y k−1) < α ≤ α(Y k),

k is the minimum number of sets in Y whose union cov-
ers at least a fraction α of V , thus solving the minimum
α-covering problem. In the same way as above, we do
not need to sequentially compute Y 2, Y 3, . . . , Y k, un-
til at least a fraction α of V is covered by some set in
Y k. One can compute k by dichotomy, which requires
at most 2p+ 1 evaluations of ⊙.



function NotSupSet(X,Y );
if X = {} or {} ∈ Y or X = Y return {};
if X = {{}} or Y = {} return X;
let T1 = NotSupSet(Xvk , Yεk ) ∩NotSupSet(Xvk , Yvk )

T0 = NotSupSet(Xεk , Yεk ) in

return vertex(vk, T0, T1);

function NotSubSet(X,Y );
if Y = {} return X;
if Y = {{}} return X − {{}};
if X = {} or X = {{}} or X = Y return {};
let T1 = NotSubSet(Xvk , Yvk )

T0 = NotSubSet(Xεk , Yεk ) ∩NotSubSet(Xεk , Yvk ) in

return vertex(vk, T0, T1);

Figure 4: Evaluating NotSupSet and NotSubSet on ZBDDs.
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Figure 8: The compatibility graph of a routing channel.

4 Example: Multi-layer Planar Routing

A routing region (Fig. 7) is an area enclosed by an
external boundary, with some blocks inside the bound-
ary (called holes), and pins on the external and internal
boundaries. A net is a set of pins to be connected with-
out going through any boundary. A planar subset is a
set of nets that can be routed in one layer without cross-
ing each other. The maximum k-layer problem consists
of routing as many nets as possible with k planar sub-
sets (with the current technology, k ≤ 5). The minimum
α-cover problem consists of routing at least a fraction α
of the nets with as few planar subsets as possible.

For submicron technologies, wire delays dominate
gate delays, and the routing area exceeds the area used
by transistors. Thus multi-layer routing technology is of
increasing importance in performance-driven IC routing.
Polynomial algorithms have been developed for special
cases, but the general problem is NP–complete [3, 4].

Two nets are compatible iff they can be routed in a
single layer without crossing. The compatibility graph
(V,E) is made of the set of nets V as the set of ver-
tices, and the set of compatible pairs E as a set of
edges. When the routing area is a switchbox (no hole)

or a channel (the pins are located on the top and bot-
tom of the boundaries), sets of mutually compatible
nets are exactly the planar subsets: multi-layer planar
routing becomes a minimum clique partition problem.
In Fig. 8, the maximal planar subsets (i.e., the maxi-
mal cliques of the compatibility graph) are {1, 2, 3, 4},
{1, 2, 5} and {3, 4, 6}. The minimum layer routing is
{{1, 2, 5}, {3, 4, 6}}.

Table 1 shows the results obtained to solve the min-
imum 1-cover problem for topological planar routing.
These examples are benchmarks reported in [4]. Note
that the size of the ZBDD (i.e., its number of vertices)
remains small, even when the number of maximal planar
subsets is large. The cyclic core is implicitly computed
using the ZBDD based method presented in [5]. The
size of the set covering problems are reduced by a factor
> 20. The cyclic core is then explicitly solved using the
minimizer SCHERZO [6].

Table 2 gives the results obtained to solve the maxi-
mum k-cover problem for topological planar routing, i.e.,
finding a maximum number of nets that can be routed
with no more than k layers. It is the first time one can
obtain the exact solution of these problems.

A notable interest of the ZBDD based framework in
this application is that one can handle practical design
constraints thanks to filtering operators on the set of
all possible cliques. For instance, the physical capacity
constraint limits the number of nets that can be routed
in a single layer. This consists of keeping only the cliques
whose cardinalities do not exceed this limit.

5 Discussion & Conclusion

This paper has presented a ZBDD based framework
that solves a collection of graph optimization problems,
e.g., clique partitioning. It can be used to solve several
CAD problems, e.g., logic minimization, constrained en-
coding, or multi-layer topological routing.

This framework can tackle large scale optimization
problems that cannot be solved explicitly. Its use of
ZBDD makes it able to work with graph and set prob-
lems that are too large to be explicitly built (e.g., graphs
with more than 1015 cliques, set covering involving more
than 1040 sets).



example max planar subset CC

Name #net #uncomp |ZBDD| #plan row col sol CPU

burs 24 133 62 45 6 8 9 0.13
ex1 21 77 71 50 9 14 7 0.11
ex3a 44 176 149 495 16 41 10 0.44
ex3b 47 283 139 7685 31 804 9 1.85
ex3c 54 336 224 3329 32 621 12 1.46
ex4b 54 298 524 6885 31 535 11 2.05
ex5 64 405 282 61269 47 6749 9 135.36
ex5b 64 427 5988 44938 46 4773 10 38.05
deut 72 763 196 101427 50 5777 16 18.49
exam1 200 17124 734 6711 107 1512 126 51.02
exam2 250 26081 1061 19409 146 1897 141 159.53
exam3 300 36801 2294 100520 228 13316 162 597.53

For each example, we give its number of nets (#net), and its number of uncompatible pairs (#uncomp). |ZBDD| is
the size (number of vertices) of the ZBDD representing the maximal planar subsets (their number is #plan). The cyclic
core CC has size row× col (note that the size of the explicit initial covering problem is #net×#plan). sol is the exact
solution for the minimum 1-cover problem, and the CPU time is given in seconds on a 60 MHz SuperSparc (85.4 SpecInt).

Table 1: Minimum 1-cover problem.

k = 1 k = 2 k = 3 k = 4 k = 5

burs 10 41% 14 58% 17 70% 19 79% 20 83%
ex1 8 38% 12 57% 15 71% 17 80% 19 90%
ex3a 21 47% 27 61% 31 70% 34 77% 36 81%
ex3b 15 31% 26 55% 33 70% 37 78% 40 85%
ex3c 20 37% 31 57% 36 66% 40 74% 43 79%
ex4b 22 40% 31 57% 38 70% 43 79% 46 85%
ex5 20 31% 32 50% 42 65% 49 76% 55 85%
ex5b 20 31% 32 50% 41 64% 48 75% 54 84%
deut 17 23% 29 40% 39 54% 46 63% 50 69%

This table gives the maximum number, and the corresponding
percentage, of nets that can be routed with k layers, 1 ≤ k ≤ 5.

Table 2: Maximum k-cover problem.
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