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Abstract

This paper shows that the algorithros on boolean functions that have been developed for proving the -

equivalence of finite state machines can be used to verify properties expressed in temporal logic.
The paper gives a verification procedure of such formulas that does not require the building of the
state-transition graph of the machine. This procedure is based on the nsual boolean operations in
addition with the resolution of a special boolean equation common to all the kinds of formulas. The

paper gives a technique for reducing the cost of the resolution procedure of this special equation,
which is the bottleneck in the verification.

1 Introduection

Within the community of people that work on the verification of sequential machines, the

word Iverification” has received two quite different meanings. For some people, to verify a

machine is to prove that it holds some properties, such as liveness or safety properties [5]. For the
others, to verify a machine is to prove that it is correct with respect to its behavioral specification,

which is a program written in some high level hardware description language. This problem comes
down to proving the behavioral equivalence between two machines [11].

Several techniques have been independently proposed to deal with these two verification problems.
Model Checking [5] [12] consists of a unified set of algorithms for the antomatic verification of
properties expressed in various ternporal logics, This verification method requires the partial or
total building of the state-transition graph of the machine under verification. This operation, which
can be very memory consuming, strongly limits the size of the machines that can be handled.

The situation is slightly different for the other verification problem. It was first proposed to prove
the behavioral equivalence between two machines Mj and M by building the state-transition graph
of the product machine 2} x %4 [11]. Though methods have been proposed to reduce the memory
size needed to store this graph, for instance by representing transitions with binary decision
diagrams (BDD) [13], these methods have the same limitations than those cited in the previous
paragraph. More recently Devadas showed [9] that it is not necessary to build this state-transition




graph in order to check that the machines 44 and 44 always produce the same ontputs. However
this technique is based on a double enumeration of the states and the input patterns of the machines,

so that in many cases the time needed to traverse the state-transition graph of the machine M} x 36
grows exponentially with the number of inputs of Mj and M.

We have presented in [7] a pmce&f:re for proving the equivalence of two incompletely specified
Mealy machines that is based on symbolic manipulations of boolean functions. The main
difference between this procedure and the one given in [9] is that it manipulates set of states instead
of individual states, represented either by their characteristic functions of by vectors of boolean
functions [7]. The algorithm performs a breadih-first instead of a deprh-first traversal of the state-

transition graph.

~ This paper shows that the concepts and the algorithms that support this proof procedure also apply
1o the verification of properties expressed in temporal logic. In particular it shows that it is not
necessary to build the state graph of the machine 9 to check whether 2 holds such properties. Part
2 defines the syntax and the semantics of the temporal formulas to verify, and the kind of machines
that are handled. Part 3 gives the verification algorithm used in the system and shows that this
algorithm rely on the resolution of one boolean equation. Part 4 is dedicated to this resolution,
which is the bortleneck of the verification procedure. A technique is proposed to reduce the cost of
this resolution, that is based on two boolean operators called “expand” and “restrict”. Part 5 gives
some experimental resnlts and discusses them.

2 Verification of CTL Formnulas

This section describes the inputs of the verification system preseated in this paper. It first

defines the model of sequential machines handled. It then gives the syntax and the semantics of the
temporal formulas to be verified.

2.1 Deterministic Moore Machines
The sequential machine M to verify is defined by a 7-tuple (R, I, O, A, 9, Init, Cns) where:

- R is the finite set of boolean registers noted r;, rz, ..., rp of the machine M. A state of the
machine is defined by the valnes of these registers.

- I is the finite set of boolean inputs of the machine.
- O is the finite set of boolean outputs of the machine.

- A is the output function of the machine. A actually is a vector of functions, one for each
output. For the sake of simplicity, we suppose here that the machine is a deterministic Moore
machine so these functions are boolean functions from the set {0, 1}® into {0, 1}, i. e. the
values of the outputs only depend on the values of the registers.




- § is the transition function of the machine. 8 is a vector of n functions, one for each register.
These functions are boolean functions from the set {0, 1}n x {0, 1}Pinto {0, 1}, where p is
the number of inputs of the machine.

- Init is the set of initial states of the machine. Each of these initial states is defined by the
values of the boolean registers of the machine.

- Cns is a set of constraints on the inputs and the registers of the machine.

In the description of the machine, the output function A and the transition function & are written in
the textual form of the typed decision graph (TDG) representation. The TD@G representation is a
compact canonical form of boolean functions introduced by Billon in [1]. It1is a refinement of the
BDD representation. It holds all the remarkable properties of BDD’s in addition with the null-cost
negation. The output and transition functions of the machine are automatically computed by a tool
called PRIAM [2] from the behavioral description of the machine wrinen in the hardware description

language 1LDS, which is the language used at Bull for describing the structure and the behavior of
synchronous circuits, )

The set Init of initial states of the machine is repfesented by its characteristic function Xnj; written
in the same form, By definition of the characteristic function, any state s ={y1 y2 ... yn] is in Init iff
X1nit(s) = Xinie(y1s ¥25 - Yn) = 1. The set Init is specified by the designer of the machine. The set
Cns is made of constraints given by the designer and of additional constraints computed by PRIAM.
This set is also represented by its characteristic function Xcps: the input p = [X1 X2 ... Xp] is accepted
by the machine in the state s = [y1 y2 ... ynl iff Xcns(s. P) = Xcns(Y1. Y25 s Yoo X1, X2, - Xp) = L.
Cns can be used to describe an uncompletely specified machine, by forbidding the combinations of
states and inputs for which the outputs or the next state of the machine are not defined.

2.2 State Formulas in Computation Tree Logic

The temporal formulas handled by the verification system are the state formulas of the
compatation tree logic CTL [5]. This logic is a formalism proposed by Clarke and Emerson for
expressing properties about the states and the computation paths of finite state systems. The
meaning of a state formula is relative to a state of the machine, which is defined by the values of its
registers. The different state formulas of CTL and their meaning with respect to a state of the
machine (R, I, O, A, 8, Init, Cns) are the following:

1.77, r2, ..., rn are state formulas. For any state s of the machine, s |= r; if and only if the value
of the register r; is 1 in the state s. '

2. If fand g are state formnlas then so are (= f), fA g), (fv g (f & g). and (f = g). The
logical connectors have their usual meaning, forinstance s |=(fA g) ff s|=fand s |= 2.

3.1f fis a state formula, so is the “all next times” formula AX(f). For any state s, s |= AX() iff
for any input pattern p that the machine accepts in the state s, then 8(s, p) |=f.




4. If fis a state formula, so is the “somne next time” formula EX(f). For any state s, s |= EX(f) iff
there exists one pattern p accepted by the machine in the state s, such that 8(s, p) I= f.

5. If fand g are state formulas, so is the formula A[f U g]. For any state s of M, s = A[fU g] iff

for all paths (so, s1, ...) such that sp =5, Ji((s; = g) A (VIO <j<i= s; F ).

6. If f and g are state formmlas, so is the formula E[/f U g]. For any sfatc s, s |= E[f U g] iff there
exists a path (50, 81, ...), 50 =5, and Ji((s; [= £) A (Vi0 £j i = 5 [=1)).

For the sake of clarity, some connectors have been added that can be expressed in term of the
preceding ones. For any state formula f, AF(f) =get A[True U f], i. e. on every path there exists &
state on which f holds; EF(f) =qef E[True U f], i. e. there exists a state on some path on which f
holds; AG(f) =gef =1 (EF(—f)), 1. e. f holds on any state of every path; EG(f) =40 — (AF(— /), 1. &.
there exists a path on which fholds at any state,

3 Verification Algorithm

There is a class of state formulas which can be checked with the procedure that proves the
equivalence of two machines [8]. The machine A holds a state formula f belonging to this class iff
M1is equivalent 1o some finite state automaton Frdirectly obtained from the formula f. In this case
the proof is made in a forward chaining way. This part presents a more general proof algorithm that
takes into account all the state formulas described in the previous section. This algorithm, that

works in a backward chaining way, does not require the building of the state-transition graph of the
machine M under verification.

The algorithm takes as inputs a machine M described by its 7-tuple (R, I, O, A, 8, Init, Cns) and the
formula f to be verified. It recursively computes the set of states of the machine M that satisfy the
formula f from the sets of states that satisfy its subformulas. At each step there are only six basic
cases to consider that correspond to the 6 kinds of formulas given in Section 2.2. Once the set of

“states F that satisfy the whole formula is obtained, to check whether s |= f for some state s comes
down to checking whether s is in F.

Sets of states are represented by the TDG’s of their characteristic functions. This makes the
formulas of type (1) and (2) trivial to treat. For instance, if f = (f7 A f3), and X1 and Xpp are the
characteristic functions of the sets of states that satisfy 1 and f2 respectively, then X is Xg1 A X2
The cost of computing the TDG of XF is in O(G| x |Gyf) where G, and G2 are the TDG’s of Xg1
and 2 respectively, and |G| is the number of vertices in the TDG G. In the same way, for any
state s, s |=fiff Xp(s) = 1, which is the case iff the patli defined by s in the TDG of X Jeads to a leaf

“equal to True. Finally, M, Init = £ i#f Zmi = Xp) is a tautology. The other basic cases are more
difficult to handle and require specific algorithms based on boolean equation solviag [7].



3.1 AX and EX formulas

Let f be a formula and F be the set of states that satisfy f. The set of states AX that satisfy
AX(f) is defined by the equation AX = {s / Vp, 3(s, p) € F} and the set EX of states that satisfy

EX(f) is defined by the equation EX = (s / 3p, 8(s, p) € F). The characteristic functions of these
sets are the following: )

Xax(s) = (Vp Acns(s, p) = Xp(d(s, p))), and (1)
Xgx(s) = @p Xcnss, p) A X (3(s, ). (2)

3.2 AU and EU formulas

Let f and g be two formulas and F and G be the sets of states that satisfy f and g respectively.
The set AU of states of the machine AM that satisfy the formula A[f U gJ is defined as the limit of the
following converging sequence of sets [3]:

-Ap=G, and
- Axs1 =Ak U {8/ X5(s) = 1) A VP Xens(s, p) = 1) = Xax(8(s, p)) = D)}
The characteristic functions of the different sets of this sequence are the following:
- Xa0(s) =XG(s), and
- XAk+1(5) = XAk(S) v Xr(s) A (Vp XCns(s, B) = Xak(8(s, ). (3)

In the same way the set EU of states of the machine 2 that satisfy the formula E[f U g] is defined
as the limit of the following converging sequence of sets:

-Ey=G, and

- Egs1 =Ex U {8/ Xp(s) = 1) A 3p (Xp(s) = 1) A Rcas(s, P) = 1)) A KEx(Es, p)) = D).
The characteristic functions of the different sets of this sequence are the following:

- XEo(s) = XG(s), and

- XEx+1(5) = XEX(S) v (X&) A @p XCns(s, P) = XEK(S(s, DY) (4)
3.3 The Critical Boolean Equation

In the formulas (1) to (4) given in the preceding sections appear two predicates that actually

are the same one, and that has the form (Fp X1 (s, p) A X2(3(s, p))). Indeed, since the formula (Vx f)
is equivalent to (~ (dx = f}), the equation (1) can be rewritten into

XAx(s) = =1 @p Xcnsls, P) A — Xr(3(s. p))), (1"

and the equation (3) into

XAk+108) = Xak(S) v KE(s) A = Ep Xcns(s, p) A = XAx(5G, p)))- 3"




From the computational point of view this means that the 6 basic cases we have to deal with can be
treated with the standard boolean operations (negation, conjunction, and disjunction) in additon
with a resolution procedure of the equation @p X1(s, p) A X2(5(s, p))). The standard boolean
operations are efficiently supported by the TDG representation [2]. The TDG representation is

canomical se it is trivial to detect that the sequences (A;) and (Ej) converge, since XAks1 = Xax iff
their TDG’s are isomorph.
i

The resolution procedure of the equation (Fp X1(s, p) A X2(3(s, p))) is the bottleneck of the proof
procedure. This resolution procedure works in two steps. The first step consists in building the
TDG Ge of the formula (X1(s, p) A X2(3(s, p))). There is a simple way to obtain G, that consists in
building the TDG G of the transition relation of the machine. N dummy variables y1’, y2°, ...y’
are introduced, and Gy is the TDG of the formula A;j (yj’ < 8(s, p)). The TDG Ge can be obtained
from the TDG G; by cutting in this TDG ail the branches that represent states that are not in the set

denoted by X2. The problem, that we already mentioned in [6], is that for complex machines it is
not possible to build the TDG Gy. Part 4 proposes a resolution procedure that does not require the

building of this TDG.

The second step in the resolution is the elimination of the existentially quantified input variables
from the TDG Ge. This elimination uses the following property that is an immediate consequence
of the definition of a boolean formula:

A xy f(x1, X2, ..., Xn)) & (£(0, X9, ..., Xn) Vv (1, Xy, ..., Xn)).

Since the elimination of the input variables from the graph Ge reduces the number of its vertices,
nothing can prevent this elimination to terminate.

4 Computing the Critical Equation

The first step of the resolution procedure consists in building the TDG G, of the formula
(X1(s, p) A X2(8(s, p))). This part describes a technique that can be used to compnte this TDG when
the TDG of the transition relation of the machine is too large to be built.

The term X2(3(s, p)) can be computed using the “composition” algorithm proposed by Bryant in [4].
The cost of this operation is related to the number of vertices in the TDG's of the mansition
functions 3y, &, ..., 8y Experience shows that for complex machines for which these functions
have several thousands of vertices it is not possible to compute the term %2(8(s, p)) with this
standard method because the resulting TDG becomes too large.

The technique proposed here to compute the TDG Ge is based on a new boolean operator called
“restrict” and an original compositon function called “expand”. The “restrict” operator allows us
to reduce the number of vertices in the TDG’s of the functions used in the term X2(3(s, p)). The
“gxpand” function allows us to replace the building of the TDG that represents X2(3(s, p)) with the
building of a set of smaller TDG’s from which the input variables can be independently eliminated,




4.1 The restrict Operator

This section presents a boolean operator called “restrict™ that gives a means to reduce the size
of the TDG’s of the functional vector 3(s, p) used in the formula X1(s, p) A X2(8(s, p)). This

directly reduces the cost of computing the TDG of the formula X2(3(s, p)).

The idea that led to the “restrict™ operator is made clear by the following remark, The transition
function’d of the machine is a vector of boolean functions. This function gives for any state and
any input the state that is attained at the next cycle of the machine. Yet the set we are interested in,
denoted by the formula (@p X1(s, p) A X2(3(s, P))), is the set of states s thar sarisfy the constrain
represented by Xj and have at least one successor in the set represented by X2. This means that in
the formula (X1(s, p) A X2(8(s, p))) the transition function & can be replaced by any other function &’
that is equal to 8 on the domain denoted by X;. This is exactly what is done by the “restrict”
operator which finds such a functional vector &’ that has the following remarkable property: each of

its component has a TDG with less vertices than the corresponding component of the functional
vector O,

{defstruct vertex root low high mark info)
{defvar True)
{defvaxr False)

(de restrict (vtx cns)
(cond
{{eqg cns False)

(print T"ERROR IN RESTRICT : Inconsistency Constraint”)
False)

(£
{restrict-aux vix cns))))

;7 vitx i3 the BDD that must be restricted.
;; ¢ns is the BDD that repraesent the constraint.
{de restrict-aux (vix c¢ns)
(cond
({ox {(eq vtx True) (eq vix False) (eq cns True)) vix) ;; (0)
{{< (order (root vtx)) (order (root cns})) (1Y)
(norme-vtx (root wvtx)
{restrict-aux (low vtx) ¢ns)
{restrict-aux (high vtx) cns)))

{{= (order (root vtx)) (order (roct cns))} re (2)
{cond
({aq (low cns) False) ;1 (2.1)
{restrict=aux {(high vtx) {(high cns)))
{{eg (high cns) False) ii (2.2)
(restrict—aux (low wtx) (low ans)))}
(t 1 (2.3)

(norme=vix {(root. vtx)
{restrict=aux (low vtxz) (low cns))
{restrict-aux (high vtx) (high cns))}))))
({> (order {(root vtx)) (order (root cns)) i (3)
{restrict~aux vix {(dizj (low cns) (high cns)}))))

Figure 1. The Function restrict .




A logical definition of this operation would be too costly for this paper, so we give an algorithmic
definition of the restrict operator. Figure 1 gives the lisp function restrict that takes as inputs the
BDD’s of a function f and of a constraint ¢, and returns the BDD of a function £* that is equal to f
on the domain defined by c. We consider this algorithm as the definition of the restrict operator.

Theorem 1. Let fand c be two boolean formulas, such that ¢ is satisfiable. Then the formula (¢ =
(restrict(f, c) < f)) is a tautology.

Proof. The proof is made by induction on the number of variables occurring in the BDD’s of Dy
and D, of the formulas f and ¢ respectively. Consider first that there are no variables in Drand D,.

Then since ¢ is not an antilogy, ¢ is equal to True. In this case (case (0) of Figure 1), the algorithm
states that reserici(f, c) =f.

The induction hypothesis is that (¢ =» (restrici(f, c) & f)) is a tautology for any formula f and any
satisfiable formula ¢ whose BDD’s use at the most nn variables x1, ..., xa. Now consider a formula f
and ¢ # False such that the BDD’s of f and ¢ use the variable x( and some of the variables x1, .., Xg.
If Dy is either True or False or if Dg is True then the sitation is the same as above, so we will
suppose that both Dy and D are not trivial. Withont loss of generality we will also suppose that the

order of the variable x( is less than the orders of all the other variables, Then there are three cases
to consider:

(1) The variable xg occurs in Dybut not in De. This means that the variable xg appears at the
top of Drbut not at the top of D. If Shannon’s expansion of f with respect to the variable
x0 is noted (— xg A fR) V (X A fr) then the algorithm returns the BDD of the function (—
xg A restrict(fg, €)) v (Xg A restrici(fy, ¢)). Since the variable xg does not occur in the low
and high branches of the BDD Dy, the induction hypothesis states that (¢ = restrici(fy, ©)
< fg) and (c = restrici(fy, c) & fy) are tautologies. The variable xg does not occur in

D¢, which means that the value of ¢ does not depend on the value of xg, so it is immediate
by substitution that the formula

(e= (X9 ASR) v (X ASD) & (1 Xg A restrict(fz, ©)) v (xg A restricify, ¢)))
is a tautology. This means that the formula (¢ = (restrici(f, ¢) «> f)) is a tautology.

(2) The variable xg occurs in Drand in D;. This means that xq is at the top of Dyand D.. We
notef = (= xgAfp) Vv (xg A fp) and ¢ = (— xg A ¢p) Vv (xg A ¢7) Shannon’s expansions of f
and ¢ with respect to xq respectively. There are three subcases to consider:

(2.1) ¢cp =False. Then ¢ = (xp A c), and the function returns restrici(fT, ¢1). Since ¢ is
satisfiable then ¢t is different from False and the function restrict(fr, ) is well
defined. The variable xp does not occur in the BDD’s of ¢ and fr so the induction
hypothesis holds: (cr = (restrict(fy, ¢1) & fr)) is valid. This means that the
formula ((xg A ¢y) = (restrict(fy, c1) & fr)) is also valid. By definition of
Shannon’s expansion, the formula (xg = (f <> f)) is also valid, Finally, by



substitution in the preceding formula, we obtain that the formula (¢ = (restrici(f, c)
<> f)} is a tautology.

(2.2) cr =False. Then ¢ = (xg A cg). This case is treated in the same way than the case
2.1 with the difference that the function restrict returns the function restrict(fr, cg).

(2.3) ¢y # False and cp # False. In this case the algorithm states that the resulting function
N is restrict(f, c) = (= xg A restrict(fg, cg)) v (xg A reswrict(fr, cr)). The induction
hypothesis can be used to say that the formulas (cp = (restrici(fg, cp) & fg)) and (et

=> (restrict{fy, ct) > fr)) are valid. It is immediate by subsitution that (¢g = ((— xq

A restrict{fg, cF)) > (— xg A fg))) is valid, and so is (cg = ((— xg A restrict(fg, c5))

< (- Xg A fg))). Morever we trivially have the tautology (— Xg = (~ (Xg A
restrict(fr, ¢T)) A — (xg Afp))). So we obtain ((— xq A cg) = (((Xg A restrict(fy, cT))

V (= %q A restrici(fg, cr))) <> ((Xg Aft) V(- Xg A f5)))). In the same way, we have

the trivial tautology (xp = (— (— X A restrict(fp, cF)) A = (= Xg A f5))), and we
obtain ((X0 A cg) = (((— X A restrict(fg, cv)) v (%g A restrict(fr, c1))) & ((—xg A

Je) v (xg A f1)))). These two tautologies imply that (((— Xg A cg) V (Xg A c7)) =

(((— xg A restrici(fp, ¢F)) v (xq A restrict(fy, c1))) & (R Xg A fR) V (Xg A F7)))) s
valid, that is (¢ = (restrici(f, c) < f)) is a tautology.

(3) The variable xg occurs in D¢ but not in Dy. Shannon’s expansion of ¢ with respect to xp is
¢=(—xg A Cp) Vv (Xg A cp) and the algorithm returns the function reswrici(f, ¢) = resmici(f,
¢F Vv cr). The variable xg does not occur in the BDD’s of (c¢ v cp) so the induction
hypothesis can be used to state that ((cg v c1) = (vestrici(f, cg v ¢1) <> f)) is valid. The

formulas ((— xg A ¢cg) = cp) and ((X0 A cp) = o) are tdvially valid. These two

tautologies imply that ((— xg A ¢p) V (Xg A ¢1)) = (cg v o) is valid, which gives the
result, O

Theorem 2. Let f and c be two boolean formulas with ¢ # False. The BDD of restrici(f, c) has less
vertices than the BDD of f.

Proof. The proof is made by induction on the size of the BDD of f. The idea used in the proof is

that the algorithm recursively makes a copy of the BDD of f, except for the case (2.1) and (2. 2)
where one vertex in this BDD is eliminated. 0

Theorem 3. Let f and ¢ be two boolean formulas with ¢ # False. If f is equivalenr to c, then
restrici(f, c) = Trae. If f is equivalent to — c, then restrici(f, c) = False.

Proof. Iffis equivalent to ¢, then f = ¢. By induction on the size of the BDD of ¢ it can be shown
that the only cases used in the algorithm are cases (0) and (2), and that each recursion retums the
constant True. This means that restrict(¢, ¢) = True. This is the same forf=-¢. O



There iIs a similar function restrict that works on TDGs. It uses a cache to avoid redundant

computations so that its complexity is in O(|Gq x |G,|) where |G} is the number of vertices in the
TDG G. It also uses Theorem 3 to avoid useless recursions.

Thinks to Theorem 1, the formula X1(s, p) A X2(8(s, p)) is equal to Xi(s, p) A Xo(restrict(8(s, p),

X1(s, p)))- Theorem 2 states that each function restrict(dx(s, p), %1(s, p)) has a TDG with less
vertices than the TDG of Si(s, p)- This means that computing the TDG of the term Xa(restrict(8(s,
P), X1(s, p))) is less costly than computing the TDG of the term X2(8(s, p)).

4.2 The Function expand

The first step in the resolution of the equation (Fp X)(s, p) A X2(3(s, p))) is to compute the
TDG G that represents the formula (X1(s, p) A X2(8(s, p))). The variables that occur in this TDG
are the boolean variables associated to the registers and those associated to the input variables of the
machine. The second step of the resolution consists in eliminating these input variables in order to
obtain the TDG Gy of the characteristic function solution of the equation. The variables that occur

in this final TDG are the variables associated to the registers, so this TDG generally has less
vertices than the intermediate TDG Ge.

The composition function takes as input the TDG of a function f(x1, X2, ..., Xn), the TDGs of n
functions gy, £2, ..., £n and it retumms the TDG of the function f(g1, g2, ..., gn). For the sake of
clarity, a simple implementation of this composition function that works on BDD’s is given in

Figure 2, It is directly based on the following property which is a direct consequence of Shannon’s
expansion theorem [4]:

(g1, 825 - 8n) = (4 81) A (0, £, ..., g0)) v (81 AK(1, 89, ..., En)

;; computes the composition function £(gl, g2, ..., gn).
;2 1 is the 1list {((x1 . gl) ... {xn . an)).

(de compose (f 1)
(cond
{{or (eq £ True) (eqg £ Falsa})
4]
{{is—marked f)
{get-info £))
{(> (order (root £)) (order {caar Ll}))
(compose £ {(cdx 1)))
({= {(order £) {(order (car 1)))
{set-mark £)
{set=-info £
(disj (conj (negate (cdar 1))
{compose (low £f) {(cdr L))}
{(conj {cdar 1)
(compose (high £) (cdr 1)}}}})))

- Figure 2. The lisp function compose.
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The function compose traverses the BDD of the function fina depth-first manner and computes the
resulting BDD in a bottom-up way. It uses a mark to treat each vertex in the BDD of the function f

only once. For each vertex there are two cases to consider;

(1) The vertex has already been treated. In this case the function retums the pointer to the
resulting BDD stored in the info field of the vertex.

(2) The vertex has not already been treated. In this case the function compose is recursively
applied on the low and high branches on the vertex. The resnlting BDD is computed
using the property given above and stored in the info field.

The problem with this composition scheme is that sometimes intermediate BDD’s associated to
internal vertices of the BDD of the function f become very large and the system runs out of
memory, so the result never reaches the top of the BDD.

The idea that underlies the expand function is to express the function Xa(8(s, p)) as a sum of
functions whose TDGs have less vertices than the TDG Ge. If these functions are noted hy, ..., h,

the equation becomes (Fp X1(s, p) A (Vj hy(s, p))) that can be rewritten to (3p V; (X1(s, p) A hys,
P))), by distributing the conjunction over the disjnnction. The existential quantifier commutes with
the disjunction, so that the equation can be further transformed into (V; @p Z1(s, P) A hi(s, p))-

This final form of the equation expresses that its resolution can be decomposed into a sequence of
resolutions of simpler equations.

The computation of a list of formulas Ay, kg, ..., ke whose sum is equal to the formmla (g1, ..., gn) is
made by the function expand. Figure 3 gives the algorithm of this function for BDD’s. In addition
to the usual fields, each vertex in the BDD Dy of f has two fields named share and path. The field
share of a vertex is the number of vertices of Dy that have pointers to this vertex. For any vertex v
in the BDD there can exist several paths from the root to this vertex. Each path is uniquely defined
by a product, and we note Sy the sum of these products. At the end of the computation, the field
path of each vertex in the BDD contains the composition Sy(g1, ..., gn). This computation is made
in a top-down manner that uses the ficld share to freeze the recursive descent until all paths to
some vertex have been collected. During the descent, at each time when a leaf True is reached, the
BDD of one of the formulas 4;is generated. Since the formula that should be computed is the sum
of all the paths to the leaf True, the sum of the formulas A; is equal to £(g1, ..., gn)-
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; The function expand returns a list of BDD’s, whose sum is the

; BDD of £(gl, ..., gn). 1 is the list ((x1 . gl} ... {(xn . gn))
The functions get-share, get-path, set-share and set-path are

used to read or update the fields share and path of a vertex.

L )
W e N

{defvar list-disi) h

{de expand (f 1)
{update-£fields £)
(setq list=dis) ())
{expand2 £ 1 True) -
list-dis])

;i put the fields shaze and path on each vertices of £.

{de expand2 (vtx 1 path)
(cond
{ {eq vtx False))
{{eq vtx True)
(newl list-disj path)) 77 a new subformula is append to list-disj.
({> (orxder (roeot wtx)) {(ordex (caar 1)})
(expand2 vtx (edr 1) path))
{(= (oxder {root wtx)) {order {caar 1))})
{set-share vtx (decx (get—sharxe vtx))}) ;; update the field share ...
(sat~path vtx (disj (get-path vtx) path))} ;; ... and the field path.
(when (= (get=-share vtx) 0)
;7 test whether all the paths to vix has been compnted
{expand2 {(low wvktx) (cdr 1)
{conj (negate {cdar 1)) (get-path vtx))}
(expand? (high wvtx) (ecdr 1)

{conj {cdar 1} (get-path vtx)))}))))

Figure 3. The lisp function expand.

This process is demonstrated on the BDD drawn in Figure 4. The function compose applied to this
BDD would build the BDD of the formula

A CRABARYVYEA(REBAR)VEA-EIMV(EIA-EAEY).

/xl
/\
DO/\/\/\

u b

Figure 4. Exemple of a BDD for the Expand Function.
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Assuming that each of the BDD’s of the formulas g have N vertices, the resulting BDD could have
N12 vertices. The function expand generates the partial formulas

EA(giAagAgdvag Ag A—ED)), and
CaaCgiragAag) vg g,
which cannot have more than N7 vertices. This means that the time and the memory requirements

needed to compute these formulas are much less than those needed to compute the whole formula.

Figure 5 gives the resolution procedure of the critical equation 3p X1(s, p) A X2(5(s, p))). This
procedure works in two steps. It first computes the list of formulas by, kg, ..., k¢ It then eliminates
the inputs variables from each of them and sums the resulting formulas.

77 8 is the 1ist (8y(s, p) ... B.n(s, pP)).
7; registers is the list of the rn registers (y; ... Yyn) »
;i inputs is the list of the inputs,
(de solve-critical=equation (%) X, 8§ registers inputs)
(let ({res Palse)
{partial-formulas
{expand 12 (forcar2 8, 8 yy registers

(cons y), (restrict 3y ©1))))))
" {(foreach £ partial-formulas

{setqg res (disj res (exist-abstract (conj xl f) inputs)}))

res))

Figure 5. Efficient Resolution of the Critical Equation. ‘

5 Experimental Results - Discussion

The verification algorithms given above has been applied to two machines. CLM is a part of
an interface board designed at BULL. It is made of 33 state registers, and has 14 inputs. The
TDG’s that represent its vector of ransition functions have more than 10000 vertices and the largest
of them has more than 2500 vertices. - This machine bas more than 377000 valid states out of 233
possible states. The CPU time needed to symbolically traverse the state diagram of this machine
using the procedure given in [7] is 2000 seconds on a DPX5000 mini-computer. We did not
succeed in computing the TDG of the transition relation of this machine. The property to be proved
valid required the computation of only one fixed point that took 38 steps and 4000s of CPU time to
be obtained. The term X2(8(s, p)) of the critical equation stopped to be computable using the
standard composition algorithmn after a very small number of steps, The restrict function was very
useful since it reduced the TDG’s used to compute the term X2(8(s, p)) in such a way that during the
backward traversal, none of them had more than 186 vertices. The largest TDG representing one of
the sets in the sequence had 352 vertices.
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The sequential machine Syrnc is a synchronizer that has 21 state registers and 4 inputs. The
property to be verified was that the value of the output OKy is equal to 1 in any valid state of the
machine. This is expressed by the formula 81 = AG(OKj = 1), where sy is the initial state of the
machine. The CPU time needed to prove this formula valid was 4160 seconds and the fixed point
was found in 9 steps. The restrict operator was not very useful since it did not reduce the sizes of

the TDG?s of the transition function. The largest TDG found in the sequence of sets had more than
2000 vertices.

The formula AG(OKo = 1) belongs to the class of formulas that can be checked in a forward
chaining way by traversing the state diagram of the machine uging the symbolic traversal procedure

given in [6] [7]. At each step during the traversal that starts from the initial state s, it is sufficient
to check that the output okg is eqnal to 1. Since the traversal stops when all the valid states of the

machine have been reached, the proof is complete. Verifying the property in this manner takes 200
seconds, and the traversal is done in 20 steps. This example seems to show that whenever the
formula to be proved belongs to the class of formulas that can be proved using the symbolic

waversal procedure, it is better to use this procedure rather than the backward chaining procedure
described in this paper.

Conclusion

This paper has presented a procedure that automatically checks whether some deterrninistic
Moore machine # holds some property expressed in the CTL formalism, without building the state-
transition graph of th¢ machine. The verification algorithm procedure is based on the algorithms
.that were initially developed for proving the equivalence between two machines, in addition with a
procedure for solving a special boolean equation ¢common to all the formulas.

Experience shows this resolution procedure is the botileneck of the verification algorithm. This
seems quite understandable if we think about what this resolution procedure does: given a set of
states S it computes the set of states Sy that have at least one successor in SF. This is exactly the
converse of the operation performed during the symbolic traversal of the machine described in [5],

which consists in computing Sp from Si. That operation already was the bottleneck of that
symbolic forward traversal procedure.

The technique proposed here does not give to the symbolic backward traversal procedure the
performance of the forward symbolic traversal procedure. This may have several causes. Firstly
the symbolic backward traversal procedure manipulates much more states than does the forward
symbolic traversal procedure, which only manipulates valid states. This can lead to increase the
number of steps needed to find the fixed point for some formula, because of long paths containing
invalid states. It could be more interesting to compute once for all the valid states of the machine
and then to consider only these states in the backward traversal. Secondly the forward symbolic
traversal procedure uses a technique to reduce, at each step, the size of the TDG that represents the
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set of states that must be analyzed [6]. This technique cannot be applied here so that the resolution

procedure of the backward traversal manipulates larger TDG's than does the one of the forward
raversal.
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