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Abstract—This paper describes an exact
algorithm for multi-layer topological pla-
nar routing in switchboxes and channels.
Using recent developments in set covering
resolution, this method produces in a few
minutes the optimum solutions for rout-
ing problems that were previously solved
by heuristics.

I INTRODUCTION

A routing region (Fig. 1) is an area enclosed by an
external boundary, with some blocks inside the
boundary (called holes), and pins on the exter-
nal and internal boundaries. A routing area is a
switchbox when there is no hole, and a channel
when pins are located on the top and bottom of
the boundaries. A met is a set of pins to be con-
nected without going through any boundary. A
planar subset is a set of nets that can be routed in
one layer without crossing each other. The maxi-
mum k-layer problem consists of routing as many
nets as possible with £ planar subsets. The mini-
mum a-cover problem consists of routing at least
a fraction « of the nets with as few planar subsets
as possible.

These problems are motivated by MCM, PCB
and performance-driven IC routing. For submi-
cron VLSI designs, wire delays dominate gate de-
lays, and the routing area exceeds the area used
by transistors. Thus multi-layer routing technol-
ogy is of increasing importance in such a high
performance design. Polynomial algorithms have
been developed for special cases, but the general
problem is NP-complete [2].

The approach we propose to multi-layer topo-
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Figure 1: A routing region.

logical routing is made of two steps:

(a) compute all the maximal planar subsets.
(b) solve a set covering problem.

Not only is the set covering problem NP-
complete, but also the number of maximal planar
subsets can be exponential w.r.t the number of
nets. However we show that these two steps can
be solved ezactly with a low computational cost
in practice.

In this paper, step (a) is addressed in Sec-
tion II for switchboxes or channels only. Sec-
tion IIT shows how step (b) can be solved using a
new lattice based paradigm. Section IV explains
how this paradigm can be efficiently implemented
with ZBDDs (Zero suppressed Binary Decision
Diagrams). Experimental results are discussed in
Section V.

II MAXIMAL PLANAR SUBSETS FOR
SWITCHBOXES AND CHANNELS

Two nets are compatible iff they can be routed
in a single layer without crossing. In the case of



switchboxes or channels, sets of mutually compat-
ible nets (called clusters) are exactly the planar
subsets. Consider Fig. 2, where pins with the
same number form a net. Nets 1, 2 and 3 form
the cluster {1,2,3}, and these three nets can be
routed in a plane without crossing each other.
The maximal clusters are {1,2,3,4}, {1,2,5}
and {3,4,6}. The minimum layer routing is
{{1,2,5},{3,4,6}}.

If we see the set of nets V' as a set of vertices,
and the set of compatible pairs F as a set of edges,
then a cluster is a clique of the undirected graph
(V, E). Thus step (a) amounts to computing all
the maximal cliques of this graph.

Given the set U of uncompatible pairs, a cluster
is a set of nets that does not contain any elements
of U. Thus we can express the set of all clusters
Cluster by:

Cluster NotSupSet(2",U),
NotSupSet(X,Y) = {ze€X|VyeY, y<Zx}.

where

Figure 2: A topological routing channel.

To overcome this limitation, we use the results
developed in [3]. The method consists of trans-
forming the original set covering problem (1) into
an isomorphic set covering problem (2) expressed
on a complete lattice. Here, an obvious transla-
tion is:

(X, MaxPlanSet, C), (2)
where X = {{v}|veV}

X and MaxzPlanSet are subsets of the lattice
(2V,C). Applying the fundamental result of [3,

The set of all maximal planar subsets Th 91 the followi Jucti los:
MazPlanSet is: eorem 8], the following reduction rules:
MazxPlanSet = max Cluster, where (X,Y,C) — (X, max x(Y), ),
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IIT SoLvING SET COVERING

Let X and Y be two sets, and R a binary relation
on X XY. An element y of Y covers an element x
of X iff R y. The set covering problem (X,Y, R)
consists of finding a minimum subset S of Y such
that any x of X is covered by some y of S. Step
(b) amounts to solving:

(V, MazPlanSet, €). (1)

The classical approach consists of building the
corresponding covering matrix, and of solving
it using the Quine-McCluskey procedure [1].
The size of the covering matrix is in O(|V] x
| MazPlanSet|), which limits this approach since
| MazPlanSet| can be exponential (> 100000 in
some of our examples) w.r.t. |[V].

(X,Y,C) - (X—E,Y—E,C) with E=XnY,

where 7x and 7y are defined from 2" into 2V by:

() = U=
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zCy
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are applied on (2) to yield a new set covering
problem, say (3), which is isomorphic to the cyclic
core of (1). From the solutions of (3), one can
recover the solutions of (1) using basic set oper-
ations [3]. The interest of such an approach is
that the reduction to the isomorphic cyclic core
(3) can be done with ZBDDs in an implicit way,
i.e., with a complexity that does not depend on
the number of elements of X and Y.



IV  ALGORITHMS

ZBDD (Zero suppressed Binary Decision Dia-
gram) is a graph data structure to represent sub-
sets of 2" in a compact and canonical way. We
have shown that steps (a) and (b) can be solved
by using some complex set operations defined on
2V Indeed, these set operations can be efficiently
implemented with ZBDDs, so that their costs are
not related to the size of the sets they operate on,
but to the size of the ZBDDs representing these
sets. In practice, very large sets can be repre-
sented with small ZBDDs (e.g., the ZBDD of 2V
has size O(]V|)), which enables us to solve effec-
tively the multi-layer problems.

Given V = {v1,...,v,}, let a combination be
a subset of V', and X be a set of combinations,
ie., X C 2Y. The set X can be decomposed
w.r.t to an element v, in two unique sets X, and
Xy, where: X, is the set of combinations be-
longing to X that do not contain vy; X,, is made
of the combinations belonging to X that contain
v, from which v, has been removed. For in-
stance, with X = {{}, {v1,v2}, {v1,v3,v5}, {va}}
and k = 1, we have X., = {{},{v4}} and X,,, =

Hwa}, {vs, v5}}.

Figure 4: A ZBDD.

If X is recursively decomposed w.r.t. the ele-
ments of V' by applying the decomposition

X = vertex(vg, Xep, Xu,),

one obtains a binary tree whose leaves are {} and
{{}}. When representing sets of sparse combi-
nations, most of the right branches (which de-
note the subsets of combination where v;’s do

not occur) points to {}. This suggests the follow-
ing compression scheme [4]: (1) isomorphic sub-
graphs are shared in memory; (2) a vertex whose
right branch points to {} is removed and replaced
with the vertex pointed by its left branch. The
resulting graph is the ZBDD of X, and is canon-
ical w.r.t. to the ordering of the elements of V.
Fig. 4 shows the ZBDD of the set X given above.
Fig. 3 describes the complex set opera-
tions needed to solve steps (a) and (b) in
terms of basic set operations (union, in-
tersection, wertexr, etc). MazSet(X) eval-
uates maxc X, MazTauRow(X,Y) evaluates
maxc 7y (X), and MazTauCol(Y,X) evaluates
maxc 7x(Y), with both X and Y subsets of the
lattice (2V,C). Function NotSubSet, defined as
NotSubSet(X,Y) = {x €¢ X | Vy € Y, =z ¢
y}, can be implemented in a way similar to
NotSupSet. All these operations use a divide-and-
conquer strategy on the decompositions of the ar-
guments’ ZBDDs w.r.t. their top labels vy.

V EXPERIMENTAL RESULTS AND
CONCLUSION

Table 1 presents some experimental results on
multi-layer topological routing problems. The
CPU time includes reading the uncompatible
pairs, building the ZBDD of the maximal planar
subsets, and solving the covering problem.

Computing the ZBDD of the maximal planar
subsets does not take more than 15 seconds. Note
that the size of the ZBDD (i.e., its number of
vertices) remains small, even when the number of
maximal planar subsets is large.

The cyclic core is implicitly computed using
the ZBDD based method presented in Section 111
and IV. The set covering problem is reduced by
a factor > 20. The cyclic core is then explicitly
solved using the minimizer SCHERZO [3].

The difference between the greedy solution [2]
and the optimum solution is not significant. How-
ever, the interest of this exact approach is as fol-
lows:

e Our formulation only uses two aspects of the
problem: (1) whether two nets can be routed



function NotSupSet(X,Y);

if X={} or {}€Y or X =Y return {};

if X ={{}} or Y ={} return X;

let T1 = NotSupSet(X,,, Yz, ) N NotSupSet(X,,, Y, )
T0 = NotSupSet(X.,,Y;,) in
return vertex(vy, T0,T1);

function MazTauRow(X,Y);
if ¥ ={} or X ={}return {};
it ¥ ={{}}

if {} € X return {{}} else return {};
if X={{}} and {} €Y return {{}};
let X1 = NotSubSet(X;,,Y:,)
T1 = MazTauRow(X1U X,,,Ys,)
T0 = MazTouRow(X,, — X1,Y;, UY,,) in
return vertex(vg, NotSubSet(T0,T1),T1);

Figure 3: Set operations needed to sol

in the same layer or not, which is a local in-
formation; (2) for switchboxes and channels,
a planar subset is a set of mutually compat-
ible nets. Since our method does not exploit
the special structure of the problem, it can
be extended to handle the general case.

The method can handle practical design con-
straints, like the physical capacity constraint,
i.e., the maximal number of nets that are al-
lowed to be routed in one layer.
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example max planar subset CC Sol
Name #net #uncomp | |ZBDD| #plan row col |greedy exact CPU
bus 24 133 62 45 6 8 9 9 0.13
erl 21 77 71 50 9 14 9 7 0.11
erda 44 176 149 495 16 41 11 10 0.44
ex3b 47 283 139 7685 31 804 10 9 1.85
ex3c 54 336 224 3329 32 621 13 12 1.46
exdb 54 298 524 6885 31 535 13 11 2.05
exb 64 405 282 61269 47 6749 9 9 135.36
exbb 64 427 5988 44938 46 4773 11 10  38.05
deut 72 763 196 101427 50 5777 18 16  18.49
examl 200 17124 734 6711 | 107 1512 135 126 51.02
exam?2 250 26081 1061 19409 | 146 1897 150 141  159.53
exam3 300 36801 2294 100520 | 228 13316 176 162  597.53

For each example, #net is the number of nets, and Z#Zuncomp the number of uncompatible pairs.

|ZBDD)| is the size (number of vertices) of the ZBDD representing the #plan maximal planar subsets.

The cyclic core CC has size row X col (note that the size of the explicit initial covering problem is #net x #plan).
Sol gives the greedy and exact solutions for the minimum 1-cover problem.

The CPU time to solve exactly the problem is given in seconds on a 60 MHz SuperSparc (85.4 Speclnt).

lexample‘ k=1 ‘ k=2 ‘ k=3 ‘ k=4 ‘ k=5 ‘
bus 10/10  41%/41% | 14/14 58%/58% | 17/17 70%/70% | 19/19 79%/79% | 20/20 83%/83%
exl 8/8 38%/38% | 11/12 52%/57% | 14/15 66%/71% | 16/17 76%/80% | 17/19 80%/90%
ex3a 20/21  45%/47% | 26/27 59%/61% | 30/31 68%/70% | 33/34 75%/77% | 35/36 79%/81%
ex3b 15/15 31%/31% | 25/26 53%/55% | 32/33 68%/70% | 37/37 78%/78% | 39/40 82%/85%
ex3c 20/20 37%/37% | 30/31 55%/57% | 34/36 62%/66% | 38/40 T0%/74% | 41/43 75%/79%
ex4b 22/22  40%/40% | 31/31 57%/57% | 37/38 68%/70% | 41/43 75%/79% | 44/46 81%/85%
exh 20/20 31%/31% | 31/32 48%/50% | 38/42 59%/65% | 45/49 70%/76% | 50/55 78%/85%
exbb 20/20 31%/31% | 31/32 48%/50% | 39/41 60%/64% | 46/48 71%/75% | 51/54 79%/84%
deut 17/17  23%/23% | 28/29 38%/40% | 36/39 50%/54% | 42/46 58%/63% | 46/50 63%/69%

The first column under each k describes the number of nets routed by greedy vs optimum algorithm.
The second column describes the percentage of nets routed by greedy vs optimum algorithm.

Table 1: Experimental results: minimum 1-cover problem and maximum k-cluster problem.



