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Abstract Thischapterpresentsbothexactandheuristictwo-level logicminimizationalgo-
rithms. For exact logic minimization,it shows varioustechniquesto reducethe
complexity of covering problems,discussesbranchingheuristics,andpresents
severalmethodsto prunetherecursions.For heuristicminimization,it presents
thecoreproceduresof theESPRESSOminimizer. Finally, thechaptersurveys
variousworksrelatedto two-level logic minimization.

EGFHE IKJ(L�MONQP�R(SALTI
NQJ
Two-level logic minimizationis a fundamentalproblemin logic synthesis.

This chapterconsistsof two parts. Thefirst partstreatexact logic minimiza-
tion, andthesecondparttreatsheuristicminimization.

The Quine-McCluskey procedureis the classictextbook methodusedto
derive exactminimumtwo-level logic circuits. However, it is limited to func-
tions up to about15 variables. The first part of this chapterpresentsrecent
progresseson exact two-level logic minimization,with an emphasizeon im-
plicit reductionandefficientcoveringmethod.With thesenew methods,exact
solutionsfor functionswith many inputscanbeobtainedin a timecomparable
to heuristiclogic minimizers.

The secondpart introducesbasicoperationsusedin heuristiclogic mini-
mizationprograms.

Let U bea functionfrom VXW
Y[ZX\^] into V_W
Y^Z`Y?ab\ . Thecaresetof U is defined
as Udc#e_fgZ[h , andwill benotedUde . Thedon’t-caresetof U , Uic�e`fja_h , will benoted
U#k . It is theseton which theBooleanfunction U is not defined.We note U e k
theunionof thecaresetandthedon’t careset.If thedon’t caresetisempty, the
Booleanfunctioniscompletelyspecifiedor total, elseis incompletelyspecified.
We will makeno distinctionbetweena completelyspecifiedBooleanfunction
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andits on-set,since U is uniquelyrepresentedby its on-set. Let � and U be
Booleanfunctions.We saythat � coversU if f U e�� � eq� U e k .

A sum-of-products(SOP),or disjunctive normal form, representsa total
Booleanfunction.For instance,� e`��2���
���A� e ���[�
�%� ��2� ���� is aSOP. Two-level
logic minimization consistsof finding a minimum SOPthat covers a given
Booleanfunction U . Minimization of multi-output Booleanfunctions (i.e.,
functionfrom V_W�Y[ZX\ into V_W�Y[Z`Y�a`\[� ) canbereducedto single-outputBoolean
functionminimization[70, 3, 24,15].

Two-level logic minimizationarisesoftenin logic synthesis,wheretrying to
representBooleanfunctionswith a two-level NOT, AND andOR netlist [35,
8, 67]. It hasvariousapplicationin reliability analysis[33, 17] andautomated
reasoning[28, 40, 41, 61, 62]. Section1.2 presentssomeaspectsof exact
minimization.Section1.3discussesheuristicminimization.

EGFj� �����OSAL ��N���I
S ��I�J)I���I����'L�I�NQJ
A product  is an implicantof U if f   � U e k . It is a primeimplicant(PI) if f

thereis no otherimplicantof U thatcovers   . In otherwords,thesetof PIsof
U , which we will note ¡�¢�f�U�h , is thesetof maximalimplicantsw.r.t. � . A PI
thatis theonly oneto coversomeelementof U e is anessentialprimeimplicant
(EPI).A SOP ¡ is irredundantif f theredoesnot exist any propersubsetof ¡
thatcovers U . A primeandirredundantcover ¡ of U is locally minimum(i.e,
minimal) in thesensethat if we eliminatea literal or a productfrom ¡ we no
longerhave a cover of U . Converselyany minimum SOPof U is irredundant
andprime,andcontainsall theEPIs. Findingan irredundantprimecover is a
goodminimizationheuristics[8, 9, 16,54,69].

SOPminimizationcanbeviewedasasetcoveringproblem.Let £ bea set,¤
asubsetof £ , and ¥ asubsetof ¦`§ . Wesaythat ¨ covers� when �ª©v¨ . Let«�¬X­?®

beacostfunctionthatappliesonsubsetsof ¥ . Thesetcoveringproblem¯ ¤ Y°¥�± consistsof findingaminimumcostsubset² of ¥ suchthatany � of
¤

is coveredby someelemenẗ of ² , i.e.,
¤ �Q³µ´?¶`· ¨ .

It is convenient to illustrate a set covering problem
¯ ¤ Y°¥�± with a cover-

ing matrix. Its rows (respectively columns)are labeledwith elementsof
¤

(respectively ¥ ), andan element ¸¹�iY�¨Xº of the matrix is equalto 1 iff �O©»¨ .
Solvingthesetcoveringproblemconsistsin findingaminimumcostsubsetof
columnsthatcover all therows. For thesakeof simplicity, we will assumein
thesequelthatthecostof acolumnis 1.

Fig. 1.1shows thecoveringmatrixassociatedwith thetwo-level minimiza-
tion of � � �� � �ª� � �� � �ª� e � � � �� � � � � � . It hasfivePIs,asshown in thecolumns.
EPIsarethecolumnscovering theunique“1” occurringin somerow. For in-
stance,�D� ��
� is essentialbecauseit is theonly prime that coversthe minterm
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� � �� � � e � � � � �� � � e � � �� � � � � �W
Z[W`W Z Z

Z`Z[W`W Z Z Z
W
Z[W
Z Z
Z`Z[W
Z Z Z Z
Z[W`W
Z Z
W`W
Z`Z Z
Z`Z`Z`Z Z Z
Z[W
Z`Z Z Z
W
Z`Z[W Z
Z`Z`Z[W Z Z

Ñ
Ò Ó�Ô?Õ�Ö�×°Ø/×°Ø
A coveringmatrix.

“0110”. Also � e �D� is the only PI that is not essential,sinceall elementsit
coversarealsocoveredby someotherprimes.

Thetwo-level logic minimizationof aBooleanfunction U consistsin solving
thesetcoveringproblem

¯ U e Y�¡�¢#fÙU e kÚhÚ± . Theprinciple,oftencalledtheQuine–
McCluskey procedure[60, 46], is asfollows:

(a) Compute¡�¢�f�Ude k h , thesetof all theprimeimplicantsof U .

(b) Considerthe covering matrix
¯ U e Yt¡�¢�f�U e k hÚ± , with rows labeledby the

mintermsof U andcolumnslabeledby thePIsof U .

(c) Using reductiontechniquesandbranch-and-bound,solve the covering
problem.

Task(a) hasan exponentialcomplexity becauseof the numberof prime im-
plicants: it is at most Û�f�Ü ]�Ý`Þ ß h andcanbe at least àáf�Ü ]KÝ`ß h [13]. Thereis
no connectionbetweenthe minimized SOPand the numberof prime impli-
cants:thereexistsa functionthathasa minimumSOPwith ß PIs,but ¦X]�âQZ
PIs [50]. Task(b) is alsoexponential,sinceall mintermsof U mayhave to be
considered.Task(c) is NP-complete.We addressthesedifferenttasksin the
following section.

ã%äÙå|äjã æ6ç�èXé�êëèXé�æ-ì�èbíïî�ð�ñòívóôé�æ-õöñ�î�ñªèbóôð
Mostof thetechniques[3, 37,63,64,6,46,60,76,77,80] usedto compute

explicitly all primeimplicantsof a Booleanfunctionareincrementalimprove-
mentsoverQuine’salgorithm[58]. Typically, atechniqueproceedsby picking
amintermof U , consideringit asaproduct,andof trying to removeasmany as
possibleliterals from it while preservingthe implicationof U by theproduct.
Someenhancementscomputeessentialprimeimplicants[66]. SeeSection1.3
for someof thesetechniques.
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Themethodscitedabove iteratively computeoneprimeimplicantata time,

which obviously limit their applicationsto Booleanfunctionswith few prime
implicants(20,000or less).A farmorepowerful procedureisdescribedin [14].
It usesa BDD/ZDD-basedalgorithmto implicitly computeall prime impli-
cants,andits complexity is notrelatedto thenumberof primeimplicants[17].
It canhandlefunctionsthatareout of reachof explicit techniques,andis vir-
tually theonly methodto addressfunctionswith a very largesetof primeim-
plicants.

ã%äÙå|äÙå øGê�ñùí�ó6úAê�ç�èXðOû ç�ê�üöõ�íªñªèbóôð
This sectionpresentsmethodsto reducethe complexity of covering prob-

lem.

ýKþ/ÿ�þ/ÿ�þÊý ���������	����

���	���
If therowsandthecolumnsof acoveringmatrixcanbepermutedto yield a

coveringmatrix that is partitionedin diagonalblocks ��� asfollows,where1’s
occuronly in theseblocks,thenany minimumsolutionof theoriginalproblem
is theunionof minimumsolutionsof theblocks � � . Thepartitioningof a set
coveringmatrix iseasilyobtainedbynotingthattwo rowsthatcoveracommon
columnarein thesameblock.� e � �

. .. � ]ýKþ/ÿ�þ/ÿ�þ/ÿ �������������������	���
An elemenẗ of ¥ is essentialif f it is theonly onethatcoversanelement

� of
¤

. Sinceessentialcolumnsbelongnecessarilyto any minimum solu-
tion, they canbe removed from thecovering matrix aswell asthe rows they
cover [59].

For instanceconsiderthe left-handsidecovering matrix of Fig. 1.2. The
only elementthatcovers ��� is ¨�� , so ¨�� is essential.Column ¨ � canberemoved
from thematrix,aswell asall rowsit covers,i.e., �
� and ��� . Thisgeneratesthe
reducedsetcoveringproblemwhosematrix is shown on theright-handsideof
Fig. 1.2.

ýKþ/ÿ�þ/ÿ�þ"! #�

$%�	���&�('��)�&�����*�+�,

���
An element�.- of

¤
dominates� if f all elementsof ¥ thatcover �.- alsocover

� . This meansthat once � - is covered,we no longercareaboutcovering � .
Thustherow labeledwith � canberemovedfrom thematrixwithoutaffecting
thesetof minimumsolutions.
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021 0�3 0�4 0�5 0	6781 9 9 9 97�3 9 9 9 97�4 9 97 5 9 9 97�6 9 97�: 9

; 0<1 0�3 0�4 0�5781 9 9 9 97�3 9 9 9 97 4 9 97�6 9 9
Ñ Ò ÓtÔ?Õ�Ö�×ÚØ>=tØ

Reductionby essentiality.0 1 0 3 0 4 0 5 0 67 1 9 9 9 97 3 9 9 9 97�4 9 97 5 9 9 97�6 9 97 : 9
; 0 1 0 3 0 4 0 5 0 67 4 9 97 : 9

Ñ
Ò Ó�Ô?Õ Ö ×ÚØ>?tØ
Reductionby dominanceon @ .0 1 0 3 0 4 0 5 0 6781 9 9 9 97 3 9 9 9 97�4 9 97�5 9 9 97�6 9 97 : 9

;
0 1 0 6781 97 3 97�4 97�5 9 97�6 97 : 9

Ñ Ò Ó�Ô?Õ Ö ×ÚØ A[Ø
Reductionby dominanceon B .

In the exampleshown in Fig. 1.3 on the left, � � dominates� e , � � , � � and
��� , and ��� dominates��� . Thiscoveringmatrix canbethenreducedasshowed
in Fig. 1.3. After this reduction,̈_� and ¨^� aretrivially uselessfor solvingthe
setcoveringproblem.

An elemenẗ - of ¥ dominates̈ if f all elementsof
¤

coveredby ¨ arealso
coveredby ¨ - , andif

«µ¬_­�® f�¨ - h�C «�¬X­?® f�¨�h . Since ¨ - coversall elementscov-
eredby ¨ without any costpenalty, ¨ canbe removed from thematrix. Note
that ¨ -dominanceremoval is weakerthan � -dominanceremoval in thefollow-
ing sense: ¨ -dominanceremoval doesnot changethe cost of the minimum
solution,but it canprecludesomeminimumsolutions(namelythoseusing ¨ ).
In theexampleshown in Fig. 1.4on theleft, ¨ e dominates̈ � , ¨ � , and ¨ � .
ýKþ/ÿ�þ/ÿ�þED ���&�������F
����	���HGJI���'K�+�,

�

Thecoveringproblemobtainedby usingdominancebasedremoval andes-
sentialityuntil saturationiscalledthecycliccore. Explicit algorithmscheckfor
row andcolumnremoval by looking at themoneperone. Usinga clever data
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¨ e�M ¨_� M ¨^� M ¨^� M ¨ � MVKZ`Yt¦�YtÜ
YON2Y	P \ VKZ`Y�¦
YtÜ�\ VKZ`Y�¦
YtÜ�YRQb\ V�Z`Yt¦
Y�Ü
YON2Y	P
Y	Q \ VSN2Y,T
YRQ�\
� eUM VKZX\ Z Z Z Z
�D� M V_¦�\ Z Z Z Z
��� M V_Ü
Y	N�\ Z Z
��� M VSN
\ Z Z Z
�V� M V P�\ Z Z
�.� M V T
YRQ \ ZW f�� e h M W f��2�?h M ¨ e X ¨X� X ¨^� X ¨^� M VKZbYt¦
Y�Ü�\W f�� � h M W f�� � h M ¨ e X ¨ � M VKZbYt¦
Y�Ü
YON2Y	P�\W f��
�[h M ¨ e X ¨^� X ¨�� M VSN�\W f����[h M ¨�� M VSNDYRT
Y,Q�\W f�¨ e h M W fÙ¨[�[h M � e Y �2� Y ��� Y �
� Y ��� M VKZbYt¦
Y�Ü
YON2Y	P�\W f�¨ � h M W fÙ¨ � h M � e Y � � M VKZbYt¦�\W fÙ¨ �?h M �
� Y ��� M VSNDYRT
Y,Q�\

VKZ`Y�¦
YtÜ
YONDY	P�\ VSNDYRT
Y,Q�\
VKZ`Y�¦
YtÜ�Y	N2Y	P�\ Z
VSNDYRT
Y,Q�\ Z

Ñ
Ò Ó�Ô?Õ�Ö�×ÚØ[ZÚØ
Transposingfunctionbasedreduction.

structure[69] to representthe matrix allows fast removal checkandbranch-
and-bound(Section1.2.3).However, thesizeof thematrix severely limits the
rangeof functionsthatcanbehandled.

Thereexistsamoreabstractandpowerful formulationof cyclic corecompu-
tationbasedon transposingfunctions. Theideais to maptheoriginalproblem
onto a setcovering problem

¯ ¤ Y°¥�± , so that both
¤

and ¥ aresubsetsof a
lattice f�£�YS\8h , with the propertythat ¨ covers � if f �]\ë¨ . Also all min-
imum solutionsof the original problemcanbe obtainedfrom the minimum
solutionsof thereducedproblem(i.e.,thereis notsucha thingas ¨ -dominance
removal loosingsomeminimumsolutions).Thisformulationsupportsefficient
BDD/ZDD basedalgorithmsto implicitly producethecyclic corewith a com-
plexity independentfrom theactualsizeof thematrix. A full presentationof
thetranspositionfunctionsbasedreductioncanbefoundin [20, 21].

Let us illustratethe ideawith a simpleexample. For a set £ , the structure
f�¦ § Y � h is a lattice. Let

¤
and ¥ be subsetsof ¦ § , and let us considerthe

set covering problem
¯ ¤ Y°¥�± where ¨ covers � if f � � ¨ . Fig. 1.5 shows
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an instanceof this problemwith £ M VKZ`Y�¦
YtÜ
YONDY	P
Y	T
Y	Q�\ . Let us definethe
function W on

¤
and ¥ asfollows:W f��2h M _

´2`ba ¨W f�¨Kh M ca�d
´ �
Note that ¨ - dominates̈ if f V_�*© ¤ e � � ¨
\ � V_��© ¤ e � � ¨ - \ ,
which turnsout to beequivalentto W f�¨�h � W f�¨ - h . Similarly, � - dominates� if f
V_¨ª©'¥ e � - � ¨�\ � V_¨ ©'¥ e � � ¨�\ , which is equivalentto W f��Dh � W f�� - h .
Thanksto thisnicepropertyof W , dominanceremoval reduces̄

¤ YÚ¥�± into
¯gf(h�id W f ¤ h?Y f�h�id W f ¥�hÚ±<j

Moreover it canbeshown thatafterdominanceremoval, theessentialelements
aresimply

¤ X ¥ [20].
Fig. 1.5showsthevaluesof W ontheelementsof

¤
and ¥ . In thiscase,the

maximumelementsof W f ¤ h w.r.t. � are VKZ`Yt¦�YtÜ
Y�N2Y	P�\ and VSNDYRT
Y,Q�\ . They are
alsothemaximalelementsof W f ¥�h . At thatpoint

¤ X ¥ is indeedthesetof
thetwo only essentialelementsof thereducedmatrix.

ýKþ/ÿ�þ/ÿ�þ"k �l�	$%�+���nmo�p����#�I�'����,

�
Gimpel proposeda reductionthat applieswhen somerow � is only cov-

eredby two columns ¨ e and ¨X� that moreover have the samecost [30]. Let
V_�iY�� ee YqjSjSj°Yt� ] e \ and V_�dYt� e� YSjqjSjHYt���� \ bethesetof elementscoveredby ¨ e and¨_� respectively. Gimpel’s reductionconsistsin removing column ¨ e , remov-
ing the ß �sr��)Z rows coveredby ¨ e and ¨ � , andadding ß r new rows �.tvu w
( ZpCyx�C ß and ZzC){|Cyr ) suchthat the row � t}u w is coveredby the setof
columns

V_¨6©ª¥ e � t e ©�¨F~�� w � ©�¨�\ÌâöV_¨ e \�j
Let ² bea minimumsolutionof this new problem.Thena minimumsolution
of theoriginalsetcoveringproblemis derivedasfollows[65]. If ² is suchthat
² X V_¨ ©ª¥ e � t e ©�¨�\(�M Ø for Z�C�x�C ß , thenadd ¨X� to ² . Otherwiseadd ¨ e
to ² .

Considertheexampleshown in Fig. 1.6. Therow � is only coveredby two
columnsthathavethesamecost,namelÿ e and ¨_� . All rowscoveredby ¨ e and
¨_� areremoved,namelyrows � up to � �� , andcolumns̈ e is removedfrom the
matrix. Herewe have ß M r M ¦ , sowe add ß r M N new rows asdescribed
above. For instancerows � � u e is coveredby columnsthat cover either � � e or
� e� besidë e , i.e., ¨X�XYt¨^�XYt¨�� . Gimpel’s reductionproducesthecoveringmatrix
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021 0�3 0�4 0�5 0	67 9 97 11 9 97 3 1 9 97 13 9 9 97 33 9 97�: 9 9

;
0 3 0 4 0 5 0 67 1�� 1 9 9 97 1�� 3 9 9 97 3O� 1 9 9 97 3O� 3 9 9 97 : 9 9

Ñ
Ò Ó�Ô?Õ Ö ×ÚØ[�ÚØ
Gimpel’s reductionon 7 .

shown on the right-handside of Fig. 1.6. One of its minimum solution is
² M V_¨ � Yt¨ � \ , which intersectsboththesets V_¨6©v¥ e � t e ©'¨
\ for Z&C�x�C�¦ ,
i.e., VX¨ e Y�¨��?\ and V_¨ e Y�¨^�X\ , thusadding̈X� to ² producesV_¨X�XYt¨^�XYt¨���\ whichis a
minimumsolutionof theoriginal problem.Anotherminimumsolutionof the
right-handsideproblemis ² M VX¨_�^Yt¨��^\ . Theset ² doesnot intersectstheset
V_¨ e Yt¨^�[\ , andadding ¨ e to ² producesVX¨ e Y�¨X�[Y�¨ ��\ which is still a minimum
solutionof theoriginal problem.

Gimpel’sreductionyieldsanew setcoveringproblemwith onelesscolumn
but with ß r â ß â�r â�Z morerows. Adding new rows canproducenew
dominancesbetweenrows andcolumns,which canreducethe covering ma-
trix. However, from thepracticalpoint of view, it is betterto allow Gimpel’s
reductionwhenit guaranteesto producea smallercoveringmatrix, i.e., whenß r*â ß â�r*â�Z�CQW .
ã%äÙå|ä}� �vç�î�ðOí�� î�ð�ü �'ó'õAð�ü

Whenthereductionprocessesdescribedabove (essentiality, anddominance
relationson

¤
and ¥ ) areiteratively applied,it eventuallyproducesacovering

matrix that canno longerbe reduced.This fixpoint is a cyclic core. If this
cyclic core is empty, the set of all essentialelementsthat have beenfound
during the reductionprocessconstitutesa minimum solution of the original
problem.

If thecyclic coreis notempty, wechooseanelementof ¨ andgeneratestwo
subproblems,oneassumingthat ¨ belongsto theminimumsolution,theother
oneassumingthatit doesnot. Thesetwo subproblemsarethensimplified(i.e.,
their cyclic coresarecomputed),andrecursively solved. Theminimumsolu-
tion of theoriginal problemis theminimumof bothof theminimumsolutions
of thetwo subproblems.

If weknow alowerboundof theminimumsolutionof asubproblemyielded
at somepoint of thebranchingalgorithm,we canprunetherecursionassoon
as the lower boundis greateror equalto the bestsolution found so far. It
is critical to provide anaccuratelower boundto terminateuselesssearchesas
earlyaspossible.Wewill discussseverallowerboundcomputationtechniques.
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Heuristicsto properlychooseanelementof ¥ asbelongingto theminimum
solutionarediscussedin [8, 46,69]. A naturalheuristicsconsistsin choosing
anelemenẗ thatcover thelargestnumberof elementsof

¤
. Howeverexper-

imentalresultsshow thatit is not thebestheuristics.A muchbetterheuristics
proposedin [69] consistsin, givena cyclic core

¯ ¤ YÚ¥�± , choosinganelement
¨ thatmaximizesthefollowing function:�aX¶X´ Ze V_¨ ©ª¥ e �ª©�¨�\ e â�Z
This functionincreaseswith thenumberof elementsthat ¨ cover, but alsowith
the “quality” of theelementsit covers. The lessanelement� is covered,the
harderit is to cover it, thelargerwill beits contribution to thefunction. Thus
this functionfavorselements̈ ’s thatcover � ’scoveredby few ¨ ’s.

ýKþ/ÿ�þ"!�þ/ÿ ����I����	���y���	���������	��#����+����#������������
Let

¯ ¤ YÚ¥�± beasetcoveringproblem,andlet
¤ - beasubsetof

¤
suchthat

for any two differentelements� e and �2� of
¤ - , all elements̈ that cover � e

donotcover �2� andconversely. Theset
¤ - , whichwewill call anindependent

subsetof
¤

, providesuswith thelower bound�aX¶ ��� f��o�´<��a «µ¬X­?® fÙ¨Kh
sincethis is theminimumcostnecessaryto cover theelementsof

¤ - .
Thoughfindinganindependentsubsetthatmaximizesthislowerboundis an

NP-completeproblem,heuristicsin practiceyieldsa quitegoodlower bound,
exceptfor examplesthathave a large numberof ¨ ’s comparedto thenumber
of � ’s,or for ill-conditionedcoveringmatrix [22].

ýKþ/ÿ�þ"!�þ"! ����I����	���y���	��������������GJ�*��������#��.��#l���n
������� 

I���#
Let

« M ¯ ¤ YÚ¥�± beasetcoveringproblem.Wenote
«¢¡ M ¯ ¤ â�¨DYÚ¥'â�VX¨
\_±

thesubproblemthatassumesthat ¨ belongsto theminimumsolution,and
«�£ M¯ ¤ Y°¥)â V_¨
\X± thesubproblemthatassumesthat ¨ is not partof theminimum

solution.Let
« jEr�x ß bethecostof its minimumsolution,

« jE¤ ¬�¥¢¦q§
somelower

boundon this cost, and
« j  �¨ ®ª© the cost of the path that yields

«
, i.e., the

sumof thecostsof all ¨ ’s thathave beenassumedto belongto theminimum
solutionbeforereaching

«
. Wenote

« j>«` `  ¦q§ theglobalupperbound,i.e., the
costof thebestglobalsolutionfoundsofar.

Obviously
« j  �¨ ®ª© � « jE¤ ¬�¥F¦S§|¬ « jE«` b  ¦S§ mustbe enforced. If it is not

satisfied,thesearchtreerootedat
«

is pruned.This is theusualpruningpro-
cedure.
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²%® Ø;
while

¤ �M Ø do V
¨�® h°¯O±�f²�³� ´?¶�´sµ·¶O¸º¹�» ´,¼½ » ´R¾¿��¼ ;¤ ® ¤ âö¨ ;
²�® ² Y VX¨
\ ;

\
return ² ;
Ñ
Ò Ó�Ô?Õ�Ö�×ÚØoÀHØ

Greedycomputationof a solution.

In case
« jE¤ ¬�¥F¦S§

is thelower boundcomputedthanksto anindependentset
(Section1.2.3.2),a strongerresultcanbe derived: if

« j  �¨ ®ª© � « ¡ jE¤ ¬�¥F¦S§ÂÁ« jE«b `  ¦q§ , thenboth
«¢¡

and
«�£

canbepruned,and
«¢¡ jE¤ ¬�¥F¦S§

is a strictly better
lowerboundfor

«
[20,22]. Whatis interestingis thatif thelowerboundof

«¢¡
satisfiesthegivencondition,we donot evenneedto examine

«+£
.

ýKþ/ÿ�þ"!�þED ����I����	���y���	���������)�Ã��$%�	�Ä�n
������]��
�I��l#
Let

« M ¯ ¤ Y°¥�± beasetcoveringproblemandlet
¤ - beanindependentset

of
«

. Let
« j>¤ ¬ ¥F¦S§ M)Å aX¶�� � f²�³� ´<��a «µ¬_­�® f�¨�h thelowerboundof

«
obtained

thanksto
¤ - . Let

¥ - M VX¨-©6¥ e ¨ X ¤ - M Ø Y « j  �¨ ®ª© � « jE¤ ¬�¥¢¦q§ � «�¬X­?® f�¨Kh Á�« jE«` `  ¦S§ \
be the setof ¨ ’s thatdo not cover any elementof

¤ - , andwhosecostadded
to
« j  �¨ ®ª© � « jE¤ ¬�¥¢¦q§

exceedsthe upperbound. Then
«

canbe reducedto¯ ¤ Y°¥�â�¥ - ± [20].
Whenthe limit lower boundis reachedfor some ¨ ’s, reducing

¯ ¤ YÚ¥�± to¯ ¤ Y°¥ â�¥ - ± makesin practicethe recursionterminateimmediately, i.e., the
lower boundof the latter nearlyalwaysexceedsthe upperbound,or a better
solutionis found.To illustratethegainthelimit lowerboundproduces,assume
that

«�¬X­?® f�¨�h M Z for all ¨ . Then insteadof terminatingthe recursionwhen
thegloballower bound(i.e.,

« j  �¨ ®O© � « jE¤ ¬�¥F¦S§
) reaches

« jE«b `  ¦q§ , it is nearly
alwaysprunedwhenthegloballowerboundreaches

« jE«b `  ¦q§ âªZ . Thisgainof
1 in thedepthof thesearchcanproduceanexponentialreductionof thespace
searchandreducesdramaticallytheexplorationtime. In practicethis method
dramaticallyreducesthesearchspace.An extensionof theideaof limit lower
bound,negativethinking, is presentedin [31].

ýKþ/ÿ�þ"!�þ"k ����I����	���y���	�����
LOG

�����+���&
�Æl�	$%������

�
This pruningtechniquerelieson an inequalityrelatingthe costof thebest

solution,andthecostof asolutionobtainedin a greedyway[23].
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Let Ç besomestrictly positiveweightingfunctiondefinedonthesetof rows,

andlet usdefine È
f�¨�h M �aX¶X´ ÇGf��2h

Fig. 1.7 shows a subquadratictime algorithmthatbuild a solutionin a greedy
way(notethatthesolutionis notnecessaryirredundant).Let

« M ¯ ¤ Y°¥�± bea
setcoveringproblem,

« jEr�x ß thecostof its minimumcostsolution,and ² the
greedysolutionproducesby thealgorithmof Fig. 1.7.Then«µ¬X­?® fÙ²Gh§ C « jEr�x ß C «�¬X­?® f�²Gh
where

§ M
ÉJÊ	Ë,Ì	ÍqÎ ½ » ´R¼��,Ï e Z Ý°Ð

This Ñ[Ò ± inequalityholdsfor any function Ç . Here,sincewearelookingfor the
bestlowerbound,weareinterestedin minimizing

§
andmaximizing

«µ¬X­?® fÙ²Gh .
SinceÇ fÙ�2h capturesthedifficulty of covering � (thegreater, themoredifficult),
we canreversethecriterion that would yield a goodupperboundin orderto
obtainagoodlowerbound.For instance,wecantake ÇGf��Dh M e � e .
ýKþ/ÿ�þ"!�þ"Ó ����I����	���y���	�����H�����

A covering problemcan be expressedasan Integer Linear Programming
(ILP) problem. An integer variableis associatedwith every column ¨ , and
a row is replacedwith the sumof the variablesthat cover it. The problem
becomes: f��o�8�³f²�"Ô<Õ �

´?¶�´ «µ¬X­?® fÙ¨Kh�aG¨DY�ÖR×�Ø8Ù Õ<Ú<ÛJÛ Ò
¨6©'V_W
Y^ZX\pÜ�Ò ¯ ¨6©ª¥qY�

´?¶�´lÝ a?´ aq¨ Á ZÞÜßÒ ¯ �ª© ¤ Y
à �[ÛRá Ý a?´ M Z � ÜÈ¨ Ú Ò�â ÕS¯ Ö��iY Õ Ñ[Ö Õ W

The linear-programmingrelaxationof this ILP consistsof replacingthe inte-
ger constraints̈�©�VXW
Y[ZX\ with the inequality W|C ¨%C Z , andallowing the
variable ¨ to takeany realvalue.Notethattheoptimumsolutionof thelinear-
programmingrelaxationproblemis a lower boundof theoriginal ILP.

The lower boundobtainedusingthis principle [44] is of very high quality.
It is in theory equalor betterto the one obtainedwith a maximal indepen-
dentset(Section1.2.3.2),andits efficiency is oftenbetterthanthelimit lower
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boundpruningmethod(basedon amaximalindependentset,Section1.2.3.4),
or negative thinking [31].

ã%äÙå|ä}ã ívóôðOíïì�õ ø èbóôð
Exacttwo-level logic minimizationis a very hardproblem,involving non-

polynomialandNP-completesubproblems.
Significantimprovementson solving the set covering problemhave been

doneon thebranch-and-boundprocedure,thanksto betterlowerboundproce-
dures[20, 23,31,44].

Thegenerationof thecyclic coreexpressingthetwo-level logic minimiza-
tion problemhasbeendramaticallyimprovedthanksto a reformulationof the
problemin termsof transposingfunctionsandefficient BDD/ZDD basedim-
plicit algorithms.A full presentationcanbefoundin [20, 21].

EGFåä æ)�vR�M�I�ç8L�I�S � N���I
S ��IKJ(I���I����'L�I�N J
AlthoughtheclassicalQuine–McCluskey methodhasbeendramaticallyim-

provedwith implicit techniqueandbetterlower boundcomputation,heuristic
methodsaremoresuitablefor fastsimplificationof largerproblems.In many
applications,exactsolutionsarenotnecessary, but nearminimumsolutionsare
sufficient. Heuristicmethodsusuallyproducesolutionsthatarenearto theop-
timum in a relatively shorttime. Many heuristiclogic minimizershave been
developed:PRESTO, MINI, MINI2, POP, ESPRESSO-IIC,andESPRESSO-
MV.

ESPRESSOis themostpopularheuristicminimizer. Beforedescribingits
algorithm,we will explain somebasicoperationsusedin heuristiclogic mini-
mizers,illustratedwith examplesandKarnaughmaps[39].

ã%ä}�Gäjã �vîöøGèbí óôæ-ê ç�î�ñªèbóôðOø
Thefollowing is asimplelogic minimizationalgorithm.

Algorithm 1.3.1 (Simplificationof SOPs).

Step1: MERGEtheadjacentproducts.

Step2: EXPANDeach productinto prime.

Step3: DELETEredundantproducts.

MERGE usesthe identity �-� �� M Z : two products��è and ��Vè that differ
only in oneliteral � canbemergeinto thesingleproduct è .
Example1.3.1 ConsiderthefollowingSOP:é e�M � e �D� ��
���Q� eX��2�?���G��� e`��D� ��
�G� �� e �D�t���G� �� e �D� ��
�G� �� eb��D�?�
��j
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Ñ
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MERGEoperation.

Fig. 1.8(a) showsthe Karnaugh map of this SOP, with its Z ­?® cube è eëM� e �2� ��
� . The ¦ ß�ì and Ü § ì productshavedifferent literals in ��� only, so we
canmergethem: � eb��D�?�
�G�O� e`��2� ���� M � eX��D�`f��
�G� ��
�[h M � eb��D� . Similarly, theN ®ª© and P ®ª© productshavedifferentliteralsonly in ��� , producingthesimplified
SOP(Fig. 1.8(b)) � e � � �� � �Q� e �� � � �� e � � � �� e �� � � �

EXPAND looks at eachliteral � of a product ��è , and tries to remove it
without changingtheBooleanfunction U . Let uswrite U as �Vè��sí , where í
is a SOPthatdoesnot containtheproduct �Vè . If ���è � U , then U M ���èG�OU M���è
��f��Vè
��í�h M f ��G�ª�2h�è
��í M è
��í . Sowhenthisconditionis met,a literal
canberemovedfrom a product.Whenliteralscanno longerberemoved,the
resultingproductis prime.

Example1.3.2 ConsiderthefollowingSOP(Fig 1.8.b):é � M � e �D� ��
�G��� e`��2��� �� e �D�%� �� eX��D�t���°jé � canbewrittenas
é � M è e �Uí , with è e�M � e �D� ��
� and í M � eX��2��� �� e �D�2�

�� eX��2���
� . First, let uscheck whetherwecanremovetheliteral � e from è e . Letè e
M � e
¦
e with

¦
e
M �D� ��
� . Let è e fHZ[h betheproduct è e , where the literal � e

is replacedwith its complement.Fig. 1.9(a)showsthecube è e fHZ[h M"�� e
¦
e
M

�� e � � �� � . Sinceè e fHZ^h � é � , wecanremovethe literal � e from è e , andhavea
simplerSOP: é � M ¦

e �%í M �2� ��
�G�O� eX��2��� �� e �2��� �� eb��D�?�
�°j
In this operation, we obtained è � by EXPAND’ing theproduct è e into thedi-
rection �� e asshownin Fig. 1.9(b).

Next, let us check whether è?� M �D� ��
� can be expandedinto the direction

��2� . Let
é � M è?�q�îí , with è?� M �2� ¦ � and

¦ � M���
� . Then è?�`f�¦`h Mù��D�
¦ � .

Since, è?�Xf�¦`hï�� é � , we cannotexpand è?� into the direction ��2� . In order to
check whether è � can be expandedinto the direction � � , let è � M �� �

¦ � and¦ � M �D� . Then è?�Xf�Ü`h M �D�?�
� . Sinceè?�Xf�Ü`h&�� é � , è?� cannotbeexpandedinto
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EXPAND operation.

thedirection �
� either. Sinceè?� cannotbeexpandedinto anydirection,it is a
primeimplicantof

é � .
Similarly, wecanseethat � e`��2� and �� e �D� arePIsof

é � . Finally, byexpand-
ing �� eX��D�t��� into thedirection �2� asshownin Fig. 1.9(c),weobtain theprime
implicant �� e ��� . Thisproducesa SOPmadeof primeimplicantsonly:é � M �D� ��
�G��� e`��2��� �� e �D��� �� e ���_Y
which is shownin Fig. 1.9(d).

NotethattheresultingSOPdependson theorderingof theEXPAND oper-
ations.In Fig. 1.10(a),if we EXPAND è e and è?� into thedirection �D� and ��D�
respectively, thenwe have the ISOPshown in Fig. 1.10(b). As shown in the
sequel,thequalityof thefinal solutiondependsonthedirectionfor expansion.
VariousheuristicshelpsESPRESSOto determinea goodordering.

DELETEeliminatesredundantproductsfrom anSOP. Let è��%í bea SOP.
If è � í , then product è can be removed from the SOPwithout changing
the Booleanfunction it represents.OnceDELETE hasdeletedall redundant
products,theresultingSOPis irredundant.

Example1.3.3 Fig. 1.11(a)showstheSOP
é � M �2� ��
�2�6� e`��2��� �� e �D�K� �� e �
� ,

which consistsof primeimplicantsonly.
é � canbewrittenasé � M è e �%í e , where è e�M �2� ���� andí eñM � e`��2��� �� e �D��� �� e ���°j
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EXPAND operation.
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DELETEoperation.

Since è e �� í e , we cannotdelete è e from
é � . Similarly, we cannotdeleteè?� M � eb��D� . Let è�� M �� e �D� , andwehave í�� M �D� ��
�È��� e_��D�G� �� e ��� . Since,è�� � í�� , wecandeleteè�� . Thelast product è�� cannotbedeleted.Thisyields

theISOP
é � M �2� ����G��� e`��D��� �� e �
� shownin Fig. 1.11(b).

Notethatthequality of thesolutionsdependson theorderof theDELETE
operations.In Fig. 1.11(c),if weDELETE è?� first, thenwehaveanISOPwith
four products.Ontheotherhand,if weDELETE è e andthen è � , thenwehave
aminimumSOPwith only threeproducts.

ã%ä}�GäÙå é�ê�ñ��Oóôü ø ñvó èXé�æ-ç ó-úAê èbøqóôæ ø
Algorithm 1.3.1producesanISOP, aminimal(i.e.,localminimum)solution

whereneitherliteral nor a productcanbe deleted.In many cases,the differ-
encebetweenthenumbersof productsin anon-minimalISOPandaminimum
solutionis not too large.However thedifferencecanbeexponentialfor certain
function[75].

Algorithm 1.3.1canno longerimprove thesolutionshown in Fig. 1.10(b).
TheoperationsREDUCEandRESHAPEcanbeusedto producefurther im-
provements.
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RESHAPEoperation.

REDUCEis the reverseof EXPAND. REDUCEtakesa product è andre-
ducesthe set it representsby addingsomeliteral to è . Whendoing so, RE-
DUCEmakessurethatit doesnot changetheBooleanfunction.For example,
the REDUCEoperationchangesè e and è?� in Fig. 1.12(a),into è�� and è�� in
Fig. 1.12(b),respectively. REDUCEinducesnew MERGEoperations,which
canhelpimproving thesolution.

RESHAPEreplacesa pair of adjacentproductsinto anotherpair without
changingthefunctionrepresentedby thepair. Let ² beasubsetof � M VXW
Y[ZX\ .
We will usethefollowing notationsto representa two-valuedfunctionliteral:

� · M � when ² M VKZX\KYM �� when ² M V_W�\KYM Z when ² M V_W
Y[Z \KY andM W when ² Môó j
Usingthis notation,RESHAPEcanbedescribedasfollows. Let è e and è?� be
two products:

è e M � · 1e � · 3��õSõqõ � ·Söt õqõSõ � ·�÷w õSõqõ � ·Sø]è � M ��ù 1e ��ù 3�îõqõSõ ��ù öt õqõSõ � ù ÷w õqõSõ � ù ø]
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They areadjacentif f thereexistsan x and { suchthat ² t Xzú t MHó , ² w � ú w ,
and ²û� M ú � for Ð �M x , Ð �M { . RESHAPEreplacesthepair f�è e YRè?��h with the
pair fºè��_Y,è�� h definedas:

è � M � · 1e � · 3� õqõSõ � » ·Söýü ù ö"¼t õSõSõ � ·,÷w õSõqõ � ·qø]è�� M �.ù 1e �.ù 3� õqõSõ � ù öt õSõSõ � » ù ÷ c ·,÷R¼w õSõqõ � ù ø]
Example1.3.4 In Fig. 1.13(a),

è�� M �� e �2� ����_Y andè<� M � e Z ���� j
Since fºè � Y,è � h satisfiesthe reshapingconditions,wecan replaceit by f�è � Y,è<þth
definedas:

è,� M f �� e �O� e hÚ�2� ���� M �2� ��
�è þ M � eX��2� ����°j
We obtain the SOPshownin Fig. 1.13(b). Notethat we can thenreducethe
numberof productsby applyingtheEXPANDoperation to è þ .
ã%ä}�Gä}� êïøÈøGê�ð�ñªèXî�ì*æ6ç�èXé�ê èXé�æ-ì�èbíïî�ð�ñvø

By applying the EXPAND, the REDUCE,and the RESHAPEoperations
repeatedly, we have anISOP. An ISOPhasno redundancy, but it maynot bea
minimumSOP. However, by usingEPIs,we canoftenprove theoptimality of
anISOP.

We say that a minterm covered by exactly one prime implicant (which
makesthisprimeanEPI) is a distinguishedminterm.

Example1.3.5 Let usprovethat the ISOP �� eX���� ���� ��� e �2�G�����[�
� shownin
Fig. 1.14 is minimumby showingthat it consistsonly of EPIs. First, con-
sider è e�Mò�� e`��
� ���� . It coverstwo mintermsÿ e and ÿX� . Note that è e is the
only PI that covers ÿ e M �� e`��2� ��
� ��
� . Thus, ÿ e is a distinguished minterm.
On the other hand, è e and �D� ��
� ��
� cover ÿ_� M �� e �D� ���� ��
� . Thus, ÿX� is not
a distinguishedminterm. Similarly, in è?� , � e �D�?�
� ��
� and � e �D� ��
�[�
� are dis-
tinguishedminterms. In è � , �� e �� � � � � � , �� e � � � � � � , and � e �� � � � � � are distin-
guishedminterms.Sinceeach of è e , è?� , and è�� coversdistinguishedminterm,
they are all essential. Thusthe ISOP shownin Fig. 1.14 is madeof prime
implicantsthatareall essential,which meansit is a minimumSOP.

As illustratedin Example1.3.5, if all the PIs in an ISOP areEPIs, then
the ISOP is the uniqueminimum SOP, and consequentlythe EXPAND, the
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Detectionof EPIs.

REDUCE,andtheRESHAPEiterationcanbediscontinued.If only a subset
¡ of the productsof an ISOP are essential,we can remove them from the
ISOPandadd ¡ to the don’t careset. This will producemoresimplification
andfurtherreducetheSOP.

In the caseof control circuits for microprocessors,abouta half of the PIs
in the minimum SOPareEPIs. Thus,an early detectionof the EPIswill re-
ducetheCPUtime aswell asimprove the quality of thesolutions.Heuristic
minimizationalgorithms,suchasMINI2 andESPRESSO,detectall theEPIs.

Wenow describeamethodto find theEPIs.In thesequel,asumof productsè e ��è?�%� õSõSõ �%è ] is representedastheset V è e YRè?��YSjSjqjÚYRè ] \ .
Definition 1.3.1 Giventwoproductsè e M � · 1e õ � · 3��õ¿õSõSõqõ � · ø] andè?� M ��ù 1e õ �.ù 3�]õ°õSõqõSõ � ù ø] j
Thataredistance1 apart, theconsensusof è e and è � is definedas

è ¬ ß ­ f�è e Y,è?�Úh M � » · 1 ¾ ù 1 ¼e õ � » · 3 ¾ ù 3 ¼� õ°õqõSõqõ ¤ » ·Söoü ù ö[¼t õ°õSõqõSõ ¤ » ·Sø<¾ ù øS¼] j
We say two productsare distance1 apart if they share no mintermsand a
mintermof oneis adjacentto a mintermof theother. Let è bea productand í
bea setof products.Then,

è ¬ ß ­ f�èXYRíáh M c���?¶�� è ¬ ß ­ f�èXYRè<��h<j
Algorithm 1.3.2 (Determineessentialprimeimplicantsfor two-valuedinput
functions)
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1) Let

é
bethegivensetof PIs. Let è bethePI that wewantto determine

theessentialityof. Let í bethe setof PIs in
é

other than è , i.e.,
é Mí Y V è^\ .

2) Partition theproductsin í into threesets:

í e M setof productsthathavecommonmintermswith èíá� M setof productsthatare adjacentto è , thatarenot in í eí � M setof otherproducts

3)
� M è ¬ ß ­ f�èXY,í��Úh<j

4) è is an EPI iff è&�� f � Y í�h .
Example1.3.6 Find theEPIs in Fig. 1.14.Thesetof PIs is

é M V è e YRè � YRè � \ ,
where è e�M*�� eX��
� ���� , è?� M � e �2� , and è�� M ���[�
� .

First, let usdecidewhetherè e is essentialor not.

1) Let è M è e , í M V�è?�[Y,è��?\ .
2) í enMôó , íá� M V è?�^\ , í�� M V è��^\ .
3)
� M è ¬ ß ­ f�è e YRè?��h M f �� e �O� e hÚ�2� ���� ��
� M �2� ���� ���� .

4) Sinceè � �� f � Y í e h , è e is an EPI.

Next, let uslookat è � .
5) Let è M è � , í M V�è e Y,è � \ .
6) í enM V è��[\ , íá� M V è e \ , í�� M)ó .

7)
� M è ¬ ß ­ f�è?�^YRè e h M �2� ���� ���� .

8) Sinceè?�&�� f � Y í e h , è?� is an EPI.

Thenè�� .
9) Let è M è�� , í M V�è?�[Y,è��?\ .

10) í enM V è?�?\ , íá� M)ó , í�� M V è e \ .
11)
� M è ¬ ß ­ f�è��XYtW`h M W .

12) Sinceè � �� f � Y í e h , è � is an EPI.

Thus è e , è � , and è � areEPIs. On theotherhand, è � M � � �� � �� � is a PI, but not
an EPI. Thiscanbeverifiedasfollows:

13) Let è M è�� , í M V�è e Y,è?�?YRè��^\ .
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14) í enM V è e Y,è?��\ , íá� M)ó , í�� M V è��^\ .
15)
� M è ¬ ß ­ f�è � YtW`h M W .

16) Sinceè�� � f � Y í e h , è�� is not an EPI.

ã%ä}�Gä}ã �áèXð�üAèXðOû î�ð èbøqóôæ	� èXñ�� ��ê
� ê�ç
æ6ç'ó'üAõ íïñvø

The IRREDUNDANT proceduregeneratesan ISOPwith asfew products
aspossiblefrom thegivensetof PIs.

Algorithm 1.3.3 (IRREDUNDANT)

1 Let
é M V è e YRè � YqjSjqjÚYRè � \ bethegivensetof PIs. Partition thePIs of

é
into threesets:

a) Relativelyessentialset: �
� M V è t e è t �� Å �j¶�� c�� ��ö��·è^\ .
b) Totally redundantset: � ú M V è t e è t � �
�á\ .
c) Partially redundantset: ��¡ M é âQf��
� Y � ú h .

2 Find a subsetof ��¡ that togetherwith �
� covers
é

. For each è t in��¡ , find the set
� f�è t h of minimumsets �)² � ��¡ , such that è t �Cf���¡�â��(²Gh Y ��� .

3 Constructthelogic function
«
� f�U�h M �

��öÙ¶���� f �
� ·�¶�� » ��ö[¼ f ��ý÷t¶ � · � w hÚh2j

4 Convert
«�� f�U�h into an SOP, and find the product with the minimum

numberof literals.

5 Thesetof PIs thatcorrespondsto theaboveproducttogetherwith PIs in
ERformstheminimalcover.

Example1.3.7 ConsidertheSOPshownin Fig. 1.15.

1)
é M V è e Y,è?�?YRè��XYRè��XYRè<��YRè,�XYRè þ \ is a givensetof PIs. Partition

é
into three

sets: �
� M V è e YRè þ \ . � ú M)ó . ��¡ M V è?�XY,è��[YRè��XYRè<��YRè,�^\ .
2)
� f�è � h M ¸ V è � YRè � \?º ; � fºè � h M ¸ V è � YRè � \KY�V è � YRè � \?º ; � f�è � h M ¸ V è � Y,è � \�Y?V è � Y,è � \?º ;� f�è<�Úh M ¸ V è��XYRè<��\KY?V è<��YRè,�?\?º ; � f�è,�?h M ¸ V è<�^YRè,�?\�º .

3-4)
«
� fÙU#h M fÆ�K�%�T�`�[h[f¿�b�d�ö�`� h^fÆ�`�|� � �?h[fÆ�`���T�`�[h

fÆ�`�|�T���?h[f¿� ���ö���th^fÆ���%� � �?h[fÆ�����T�°�[hM fÆ� � �T� � h[f¿� � �ö� � h^fÆ� � � � � h[fÆ� � �T� � hM �K�H�`�°�¿���T�K�°�`�°� �G�T�`�°�����T� ���`�°�°�°j
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Givensetof PIs.

5) �`�°�¿� is theproductwith thefewestliterals,andthecorrespondingcover
is V è��_Y,è<�?\ . Thus V è��_Y,è<�?\ Y ��� M V è e Y,è��[YRè<�^YRè þ \ is a minimumcover.

Algorithm 1.3.3andExample1.3.7show theprincipleof themethod.The
actualprocedurein ESPRESSOis morecomplicated,becausesteps3—5cor-
respondto a minimum covering algorithm. In particularstep4 canbe non-
polynomial.

Notethat
é

doesnot necessarilycontainall thePIs. Thus, �
� containsall
the EPIs,andpossiblynon-essentialPIs. If

é
containsall the PIs, then �
�

is equalto the setof all the EPIsfor the function, andthe IRREDUNDANT
operationproducesanminimumSOP.

ã%ä}�Gä"! êïø æ6ç�ê6øqøqó
ESPRESSOis themostpopularheuristictwo-level logic minimizer. First,

it obtainsthecomplementof theoriginal cover, whichwill beusedin theEX-
PAND operation.Second,it appliestheEXPAND andIRREDUNDANT op-
erationto obtainanISOP. Third, it extractsthesetof EPIs,andit iteratesthe
REDUCE,theEXPAND andtheIRREDUNDANT operationsuntil noproduct
canbe reducedany more. Fourth, it attemptsto REDUCEandEXPAND by
usingdifferentheuristics.Finally, ESPRESSOtries to reducethe numberof
connectionsin theoutputpart.

EGF�# S�NQJ SA�µRîç8I
NQJ
Two-level logic minimization,bothexactandheuristics,havereceivedmuch

of attentions,sincethey arecritical in logic synthesis,aswell asotherreal-life
applications.It is a very maturefield, but dueto thedifficulty of theproblem,
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is still anactive researchdomain.Besideimproving on theexisting methods,
with themostspectacularimprovementsbeingimplicit minimizationandnew
efficient lower boundtechniquesduringbranch-and-bound,thereareattempts
at identifying classof functionsfor which logic minimizationcanbe catego-
rizedin thepolynomialspace.æ%$'&)(+*-,�.0/2143 M6587'/8(95:3 L;*-<=$'>:&�2?9@BADC��:EGFBH�A�$IH�JKHMLNH�OP@)CQH�EBJdþ

Quinestatedthe two-level minimizationproblemfor a total Booleanfunc-
tion in 1952[58]. Exactminimizationyieldedthe classicQuine–McCluskey
procedure[60, 46], and a numberof papersimproved on this minimization
procedures,focusingon cyclic corecomputationandbranch-and-boundtech-
niques[4, 35,8, 68,69,50,36,9, 20,22,23].

After the introductionof BDDs [10, 11], implicit minimization procedures
wereproposedto overcomethebottleneckof primeimplicantcomputationand
cyclic corecomputation.A first implicit BDD-basedcyclic corecomputation
procedurewasproposedin [79]. Finally, a BDD/ZDD-basedimplicit cyclic
corecomputationusingtransposingfunctionswasintroducedin [18, 20,21].

ESPRESSO-EXACT [69] andSCHERZO[18] arethemostwell known, re-
spectively explicit andimplicit/explicit, exactminimizationprocedures.Text-
booksthatexplain exactSOPminimizationinclude[20, 34,42,48,56].�=R�SKTUH�VWCXHYAF�ZEBFGHYA&$IHMJKH�LNHMO[R�TPV?þ

MINI, a multiple-valuedlogic minimizerto simplify PLA with decoders,is
describedin [35]. MINI usesthecomplementof thegivenfunctionto expand
the implicant efficiently. PRESTO [78] is a simplelogic minimizer thatuses
only EXPAND andREDUCEof theoutputpart. It usestautologyto expandthe
implicant,which is slower thantheMINI andESPRESSOstrategy. PRESTO
wasusedin ABEL, a designsystemfor programmablelogic devices.

In the early 1980’s, PLAs startedto be usedin control partsof various
32-bit microprocessors,which triggereda stronginterestin SOPminimiza-
tion. MINI2 [71], an improvementof MINI, detectsessentialprime impli-
cants(EPIs),andusesdivide andconquerstrategy for multiple-valuedlogic.
A straightforwardmethodto detectEPIsusingthe setof all the PIs [27] re-
quiresexcessive memory. MINI2 detectsEPIswithout usingthesetof all the
PIs[43, 71].

ESPRESSO-IIC,animprovementof MINI, is describedin [8]. It is a two-
valuedlogic minimizer. Theimportantimprovementsareintroductionof unate
recursive paradigmandthe IRREDUNDANT operation.ESPRESSO-MV,a
multi-valuedversionof ESPRESSO-IIC,is describedin [68]. It is widely
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usedfor two-level logic minimization. Implicit heuristicminimizationsare
describedin [16, 19,53].

\ @)TUHMEGS:V��:EG]KHYA[V?þ
WSOP(ISOPthathasthe maximumnumberof PIs) [75]; optimizationof

SOPsfor multi-output functionsusing MVL [3, 47, 35, 70]; specialhard-
ware for logic minimization [72, 78]; other logic minimization algorithms
[1, 2, 5, 7, 12, 25, 53, 63, 81, 83]; benchmarkfunctions[82]; prime impli-
cantcomputation[46, 55, 59, 80, 26, 77, 14]; implicit PI computationalgo-
rithm [14, 45,73]; logic functionswith many PIs[29]; averagenumbersof PIs
for thefunctionswith a givennumberof minterms[52]; functionswith maxi-
mal numberof PIs [38]; a classof functionswhoseSOPsaredifficult to min-
imize [57, 75]; minimizationof SOPsby functionaldecomposition[74]. De
Micheli’s book [51] andHachtel–Somenzi’s book [32] have excellent chap-
terson two-level optimization. Muroga’s book hasa goodsurvey of classic
approach[56].
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