Chapter 1

TWO-LEVEL LOGIC MINIMIZATION
Olivier Coudert

Tsutomu Sasao

Abstract Thischaptepresentdothexactandheuristictwo-level logic minimizationalgo-
rithms. For exactlogic minimization,it shaws varioustechniquego reducethe
compleity of covering problems,discussedranchingheuristics,and presents
several methodgo prunethe recursions For heuristicminimization,it presents
the coreprocedure®f the ESPRESSOninimizer. Finally, the chaptersuneys
variousworksrelatedto two-level logic minimization.

1.1 INTRODUCTION

Two-level logic minimizationis a fundamentaproblemin logic synthesis.
This chapterconsistsof two parts. Thefirst partstreatexactlogic minimiza-
tion, andthe secondparttreatsheuristicminimization.

The Quine-McCluskg procedureis the classictextbook methodusedto
derive exactminimumtwo-level logic circuits. However, it is limited to func-
tions up to about15 variables. The first part of this chapterpresentsecent
progresse®sn exact two-level logic minimization,with an emphasizeon im-
plicit reductionandefficient covering method.With thesenev methodsexact
solutionsfor functionswith mary inputscanbe obtainedn atime comparable
to heuristiclogic minimizers.

The secondpart introducesbasic operationsusedin heuristiclogic mini-
mizationprograms.

Let f beafunctionfrom {0, 1}™ into {0, 1, x}. The caresetof f is defined
asf~'(1), andwill benotedf!. Thedont-caresetof f, f=!(x),will benoted
f*. It is the seton which the Booleanfunction f is not defined.We note f'*
theunionof thecaresetandthedon't careset.If thedon't caresetis empty the
Booleanfunctionis completelyspecifiedr total, elseis incompletelyspecified
We will makeno distinctionbetweera completelyspecifiedBooleanfunction
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andits on-set,since f is uniquelyrepresentedby its on-set. Let ¢ and f be
Booleanfunctions.We saythatg coversf iff f1 C ¢! C f1*.

A sum-of-productgSOP), or disjunctive normal form, represents total
Booleanfunction. For instanceg;zox3 + z12314 + T224 isaSOPR Two-level
logic minimization consistsof finding a minimum SOP that covers a given
Booleanfunction f. Minimization of multi-output Booleanfunctions (i.e.,
functionfrom {0, 1} into {0, 1, *}"*) canbereducedo single-outpuBoolean
functionminimization[70, 3, 24, 15].

Two-level logic minimizationarisesoftenin logic synthesiswheretrying to
represenBooleanfunctionswith a two-level NOT, AND and OR netlist[35,
8, 67]. It hasvariousapplicationin reliability analysig33, 17] andautomated
reasoning28, 40, 41, 61, 62]. Sectionl.2 presentssomeaspectof exact
minimization. Sectionl.3discusse&euristicminimization.

1.2 EXACT LOGIC MINIMIZATION

A productp is animplicantof f iff p C f1*. It is aprimeimplicant(PI) iff
thereis no otherimplicantof f thatcoversp. In otherwords,the setof Pls of
f, whichwe will note PI(f), is thesetof maximalimplicantsw.r.t. C. A PI
thatis theonly oneto cover someelemenbf f! is anessentiaprimeimplicant
(EPI). A SOPP isirredundaniff theredoesnot exist ary propersubsef P
thatcovers f. A primeandirredundantover P of f islocally minimum(i.e,
minimal) in the sensehatif we eliminatea literal or a productfrom P we no
longerhave a cover of f. Converselyary minimum SOPof f is irredundant
andprime, andcontainsall the EPIs. Findinganirredundaniprime cover is a
goodminimizationheuristicq8, 9, 16,54, 69].

SOPminimizationcanbeviewedasasetcoveringproblem.Let 7 beaset,
X asubsebdf Z, andY asubsebf 27. We saythaty covers: whenz € y. Let
C'ost beacostfunctionthatappliesonsubset®f Y. Thesetcoveringproblem
(X,Y) consistf findingaminimumcostsubsetS of Y suchthatary = of X
is coveredby someelementy of S, i.e., X C Uyes y.

It is corvenientto illustrate a setcovering problem (X, Y) with a cover
ing matrix. lIts rows (respectrely columns)are labeledwith elementsof X
(respectiely Y'), andan element]z, y] of the matrix is equalto 1 iff z € y.
Solvingthesetcovering problemconsistdn finding a minimum costsubsebf
columnsthatcover all therows. For the sakeof simplicity, we will assumen
thesequethatthe costof acolumnis 1.

Fig. 1.1shows the covering matrix associatedvith the two-level minimiza-
tionof 2924+ 2223+ 2124+ T22324. It hasfive Pls,asshavnin thecolumns.
EPIsarethe columnscovering the unique“l” occurringin somerow. For in-
stance;, 73 is essentiabecauset is the only prime that coversthe minterm
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$2f4 1T ;732;f3 T1T4 ;f2$3$4
0100 | 1 1
1100 1 1 1
0101 1
1101 1 1 1
1001 1
0011 1
1111 1 1
1011 1 1
0110 1
1110 1 1

Figure 1.1. A coveringmatrix.

“0110". Also x4 is the only PI thatis not essential sinceall elementsit
coversarealsocoveredby someotherprimes.

Thetwo-level logic minimizationof aBoolearfunction f consistsn solving
thesetcoveringproblem(f1, PI( f'*)). Theprinciple,oftencalledthe Quine—
McCluskey procedurd60, 46], is asfollows:

(@) ComputePI(f!*), thesetof all the primeimplicantsof f.

(b) Considerthe covering matrix (f, PI(f'*)), with rows labeledby the
mintermsof f andcolumnslabeledby thePlsof f.

(c) Usingreductiontechniqguesand branch-and-boundsolve the covering
problem.

Task (a) hasan exponentialcompleity becausef the numberof prime im-
plicants:it is atmostO(3"/4/n) andcanbe at least(2(3"/n) [13]. Thereis
no connectionbetweenthe minimized SOP and the numberof prime impli-
cants:thereexists afunctionthathasa minimum SOPwith » Pls,but 2™ — 1
PIs[50]. Task(b) is alsoexponential,sinceall mintermsof f may have to be
considered.Task(c) is NP-complete.We addresghesedifferenttasksin the
following section.

1.2.1 PRIME IMPLICANT COMPUTATION

Most of thetechnique$3, 37,63,64,6,46,60,76,77,80] usedto compute
explicitly all primeimplicantsof a Booleanfunctionareincrementalmprove-
mentsover Quinesalgorithm[58]. Typically, atechniqugproceeddy picking
amintermof f, consideringt asaproduct,andof trying to remose asmary as
possibleliterals from it while preservinghe implicationof f by the product.
Someenhancementsomputeessentiaprimeimplicants[66]. SeeSectionl.3
for someof thesetechniques.
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Themethodscitedabove iteratively computeoneprimeimplicantatatime,
which obviously limit their applicationso Booleanfunctionswith few prime
implicants(20,0000r less).A far morepowerful procedurés describedn [14].
It usesa BDD/ZDD-basedalgorithmto implicitly computeall prime impli-
cants,andits compleity is notrelatedto thenumberof primeimplicants[17].
It canhandlefunctionsthatareout of reachof explicit techniquesandis vir-
tually the only methodto addresgunctionswith a very large setof primeim-
plicants.

1.2.2 SET COVERING REDUCTION

This sectionpresentanethodsto reducethe compleity of covering prob-
lem.

1.2.2.1 PARTITIONING

If therows andthe columnsof a covering matrix canbe permutedo yield a
covering matrix thatis partitionedin diagonablocks B;, asfollows,wherel’s
occuronly in theseblocks,thenary minimumsolutionof the original problem
is the union of minimum solutionsof the blocks B;. The partitioningof a set
coveringmatrixis easilyobtainedoy notingthattwo rowsthatcoveracommon
columnarein thesameblock.

By

B,

B,

1.2.2.2 ESSENTIALITY

An elementy of Y is essentialff it is the only onethatcoversanelement
z of X. Sinceessentiaktolumnsbelongnecessarilyto any minimum solu-
tion, they canberemoved from the covering matrix aswell asthe rows they
cover [59].

For instanceconsiderthe left-handside covering matrix of Fig. 1.2. The
only elementhatcoverszg is ys, SOys is essentialColumnys canberemoved
fromthematrix,aswell asall rowsit covers,i.e.,z, andzg. Thisgeneratethe
reducedsetcovering problemwhosematrixis shavn on theright-handsideof
Fig.1.2.

1.2.2.3 DOMINANCE RELATIONS

An element:’ of X dominateg: iff all elementof Y thatcover z’ alsocover
z. This meansthatoncez’ is covered,we no longer careaboutcovering z.
Thustherow labeledwith z canberemovedfrom the matrix without affecting
the setof minimumsolutions.
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Yi | Y2 | Ys | Ya | Y5
z1 | 1 1 1 1 Y | Y2 | Ys | Y4
o | 1 1 1 1 1 | 1 1 1 1
3 | 1 1 — o | 1 1 1 1
T4 1 1 1 rs 1 1
zs | 1 1 s | 1 1
Te 1

Figure 1.2.  Reductionby essentiality

Yi | Y2 | Y3 | Y4 | Ys
z1 | 1 1 1 1
z2 | 1|1 1 1 yi | Y2 | Y3 | Yya | Ys
T3 1 1 — T3 1 1
T4 1 1 1 Te 1
Ty 1 1
Te 1
Figure 1.8.  Reductionby dominanceon X .
Yi | Y2 [ Ys | Y4 | Ys Y | Ys
r1 1 1 1 1 r1 1
T2 1 1 1 1 T2 1
T3 1 1 — xrs 1
T4 1 1 1 T4 1 1
zs | 1 1 zs | 1
Te 1 Te 1

Figure 1.4. Reductionby dominanceonY’.

In the exampleshowvn in Fig. 1.3 on theleft, 3 dominatesey, =9, 24 and
x5, andxg dominatese,. This covering matrix canbethenreducedasshoved
in Fig. 1.3. After this reduction,y, andys aretrivially uselesgor solvingthe
setcovering problem.

An elementy’ of Y dominateg iff all elementof X coveredby y arealso
coveredby i/, andif Cost(y’) < Cost(y). Sincey’ coversall elementscov-
eredby y without ary costpenalty y canbe removed from the matrix. Note
thaty-dominanceemoval is weakerthanz-dominanceemoval in thefollow-
ing sense:y-dominanceremoval doesnot changethe cost of the minimum
solution,but it canprecludesomeminimumsolutions(namelythoseusingy).
In theexampleshown in Fig. 1.4 ontheleft, iy, dominatesy,, 33, andy,.

1.2.2.4 TRANSPOSING FUNCTION

Thecovering problemobtainedoy usingdominanceébasedemoval andes-
sentialityuntil saturationis calledthecycliccore. Explicit algorithmscheckfor
row andcolumnremoval by looking at themoneperone. Usingaclever data
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= Y2 = Y3 = Ya = Ys =
{1,2,3,4,5}[{1,2,3}[{1,2,3,7}{1,2,3,4,5,7} | {4,6,7}
z = {1} 1 1 1 1
z; = {2} 1 1 1 1
z3 = 1{3,4] 1 1
74 = {4) 1 1 1
z5 = {5} 1 1
ze = {6,7} 1
T(z1) = 7(22) = ytNysNysNyy, = {1,2,3}
(zs) = 7(z5) = yiNyy = {1,2,3,4,5}
T(za) = yiNysNys = {4}
T(zg) = ys = {4,6,7}
(1) = 7T(ya) = zpUzUzzUzaUzs = {1,2,3,4,5}
T(y2) = 7(y3) = riUzy = {1,2}
(ys) = raUze = {4,6,7}
{1,2,3,4,5} | {4,6,7}
11,2,3,4,5 1
14,6,7) 1

Figure 1.5.  Transposindunctionbasededuction.

structure[69] to representhe matrix allows fastremoval checkandbranch-
and-boundSectionl.2.3). However, the size of the matrix severely limits the
rangeof functionsthatcanbehandled.

Thereexistsamoreabstracandpowerful formulationof cyclic corecompu-
tationbasedn transposingunctions Theideais to maptheoriginal problem
onto a setcovering problem (X, Y), sothatboth X andY are subsetof a
lattice (7, C), with the propertythaty coversz iff = C y. Also all min-
imum solutionsof the original problemcan be obtainedfrom the minimum
solutionsof thereducedproblem(i.e., thereis notsuchathingasy-dominance
removal loosingsomeminimumsolutions).Thisformulationsupportfficient
BDD/ZDD basedlgorithmsto implicitly producethe cyclic corewith acom-
plexity independentrom the actualsize of the matrix. A full presentatiorof
thetranspositiorfunctionsbasedeductioncanbefoundin [20, 21].

Let usillustratethe ideawith a simpleexample. For asetZ, the structure
(27, C) is alattice. Let X andY be subsetf 27, andlet us considerthe
setcovering problem (X, Y) wherey coversz iff 2 C y. Fig. 1.5 shows
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an instanceof this problemwith 7 = {1,2,3,4,5,6,7}. Let usdefinethe
functionT on X andY asfollows:

(@) = [y

Yz

= Us

zCy

Note that 4’ dominatesy iff {z € X | 2 C y} C {& € X | z C ¢},
whichturnsoutto beequialentto 7(y) C 7(y’). Similarly, 2’ dominates: iff
{yeY |2’ Cy} C{yeY |z Cy}, whichisequvalentto 7(z) C 7(z').
Thanksto this nice propertyof r, dominanceemoval reduceg X, V) into

<mgax T(X), mgaxr(Y)).

Moreover it canbeshawvn thatafterdominanceemoval, theessentiaklements
aresimply X Nn'Y [20].

Fig. 1.5shavsthevaluesof 7 ontheelementof X andY . In thiscasethe
maximumelementf (X ) w.r.t. C are{1,2,3,4,5} and{4, 6, 7}. They are
alsothe maximalelementf 7(Y'). At thatpoint X NY is indeedthe setof
thetwo only essentiaklementf thereducedmatrix.

1.2.2.5 GIMPEL’S REDUCTION

Gimpel proposeda reductionthat applieswhen somerow z is only cov-
eredby two columnsy, andys; that morewer have the samecost[30]. Let
{z,z1,..., 27} and{z, 2}, ..., 27"} bethesetof elementcoveredby y; and
y2 respectrely. Gimpel's reductionconsistsin removing columny,, remov-
ing then 4+ m + 1 rows coveredby y; andy,, andaddingnm new rows z*/
(1 < i< nandl < j < m) suchthattherow z*/ is coveredby the setof
columns

{yeY|aleyval ey} —{n}

Let S beaminimumsolutionof this new problem. Thena minimum solution
of the original setcoveringproblemis derivedasfollows [65]. If S is suchthat
Sn{yeY |z} €y} #Dforl <i < n,thenaddy, to S. Otherwiseaddy;
toS.

Considertheexampleshawn in Fig. 1.6. Therow z is only coveredby two
columnsthathave thesamecost,namelyy;, andy,. All rowscoveredby 3, and
y, areremoved,namelyrows z up to z3, andcolumnsy; is remavedfrom the
matrix. Herewe have n = m = 2, sowe addnm = 4 new rows asdescribed
above. For instancerows z*! is coveredby columnsthat cover eitherz? or
z} besidey,, i.e.,y2, y3, ys. Gimpel'sreductionproduceshe covering matrix
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Y1 | Y2 | Ys | Ya | Y5
p 1 1 Y2 | Ys | Y4 | Y5
: 2P 1 1
T 1 1 T2
! 22| 1 11
T 1 1 — 1
1 2T 1] 1 1
2] 11 1 —
2 2211 |1

Te

Te 1 1

Figure 1.6.  Gimpel'sreductionon z.

shavn on the right-handside of Fig. 1.6. One of its minimum solution is
S = {y3,ys}, whichintersectboththesets{y € Y | 2} € y} for1 <i < 2,
i.e.,{y1,ys} and{yy, y3}, thusaddingy, to S produced ys, y3, ys } whichisa
minimum solutionof the original problem. Anotherminimum solutionof the
right-handsideproblemis S = {y9, y5}. ThesetS doesnotintersectshe set
{y1,y3}, andaddingy, to S produces{y, y2, ys} which is still a minimum
solutionof the original problem.

Gimpel'sreductionyieldsanew setcoveringproblemwith onelesscolumn
but with nm — n — m — 1 morerows. Adding new rows can producenew
dominancedetweenrows and columns,which canreducethe covering ma-
trix. However, from the practicalpoint of view, it is betterto allow Gimpel's
reductionwhenit guaranteeto producea smallercovering matrix, i.e., when
nm—n—m—1<0.

1.2.3 BRANCH AND BOUND

Whenthereductionprocessedescribedabore (essentialityanddominance
relationson X andY) areiteratively applied,it eventuallyproducescovering
matrix that can no longer be reduced. This fixpoint is a cyclic core. If this
cyclic coreis empty the setof all essentiaklementsthat have beenfound
during the reductionprocessconstitutesa minimum solution of the original
problem.

If thecyclic coreis notempty we chooseanelemenif y andgeneratesvo
subproblemspneassuminghaty belongsto the minimum solution,the other
oneassuminghatit doesnot. Thesewo subproblemsirethensimplified(i.e.,
their cyclic coresare computed)andrecursvely solved. The minimum solu-
tion of the original problemis the minimum of both of theminimumsolutions
of thetwo subproblems.

If we know alowerboundof theminimumsolutionof asubproblenyielded
at somepoint of the branchingalgorithm,we canprunetherecursionassoon
asthe lower boundis greateror equalto the bestsolution found so far. It
is critical to provide anaccuratdower boundto terminateuselessearchess
earlyaspossible Wewill discusseverallowerboundcomputatiortechniques.
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1.2.3.1 BRANCHING

Heuristicsto properlychooseanelemeniof Y asbelongingto the minimum
solutionarediscussedn [8, 46, 69]. A naturalheuristicsconsistdn choosing
anelementy thatcover thelargestnumberof elementf X. However exper
imentalresultsshow thatit is not the bestheuristics.A muchbetterheuristics
proposedn [69] consistsn, givenacyclic core(X,Y’), choosinganelement
y thatmaximizesthefollowing function:

1
ZI{yéYIfCGy}I—l

rey
Thisfunctionincreasesvith thenumberof elementghaty cover, but alsowith
the “quality” of the elementdt covers. Thelessanelementz is covered,the
harderit is to cover it, thelargerwill beits contritution to the function. Thus
this functionfavorselements;’sthatcover z’s coveredby few y’s.

1.2.3.2 PRUNING WITH AN INDEPENDENT SET

Let (X,Y’) beasetcoveringproblem,andlet X’ beasubsebf X suchthat
for ary two differentelementsr; andz, of X', all elementsy thatcover =,
donotcover z; andcorversely ThesetX’, whichwewill call anindependent
subsedf X, providesuswith thelower bound

min C'ost(y)
e
rzeX’

sincethisis theminimumcostnecessaryo cover theelementof X".

Thoughfindinganindependensubsethatmaximizeshislowerboundis an
NP-completeproblem,heuristicsin practiceyields a quite goodlower bound,
exceptfor examplesthat have a large numberof y's comparedo the number
of z’s, or for ill-conditioned covering matrix [22].

1.2.3.3 PRUNING WITH THE LEFT-HAND SIDE LOWER
BOUND

LetC = (X, Y) beasetcoveringproblem.WenoteC; = (X —y, Y —{y})
thesubproblenthatassumethaty belonggo theminimumsolution,andC’, =
(X,Y — {y}) thesubproblenthatassumeshaty is not partof the minimum
solution.Let C.min bethecostof its minimumsolution,C'.lower somelower
boundon this cost, and C.path the costof the paththat yields C, i.e., the
sumof the costsof all 3's that have beenassumedo belongto the minimum
solutionbeforereaching”. We noteC.upper theglobalupperbound,i.e.,the
costof the bestglobalsolutionfoundsofar.

Obviously C.path + C.lower < C.upper mustbe enforced. If it is not
satisfied the searchireerootedat C' is pruned.This is the usualpruningpro-
cedure.
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S+ @,

while X # @ do {
Yy ¢ argmingecy C(O;Tt()?));
/Xr — /Y - y;
S « Su{y};

}

return S;

Figure 1.7.  Greedycomputatiorof a solution.

In caseC.lower is thelower boundcomputedhanksto anindependenset
(Section1.2.3.2),a strongerresultcan be derived: if C.path + Ci.lower >
C.upper, thenbothC; andC,. canbe pruned,andC).lower is a strictly better
lower boundfor ' [20, 22]. Whatis interestings thatif thelower boundof C;
satisfieghe givencondition,we do not evenneedto examineC),.

1.2.3.4 PRUNING WITH THE LIMIT LOWER BOUND

LetC' = (X,Y) beasetcoveringproblemandlet X’ beanindependenset
of C. LetC.lower = )y, min,s, Cost(y) thelowerboundof C' obtained
thanksto X'. Let

Y' = {yeY|ynX =@ C.path+ C.lower + Cost(y) > C.upper}

be the setof y's thatdo not cover ary elementof X', andwhosecostadded
to C.path + C.lower exceedsthe upperbound. ThenC' canbe reducedto
(X,Y —Y')[20].

Whenthe limit lower boundis reachedor somey’s, reducing(X, Y) to
(X,Y — Y') makesin practicethe recursionterminateimmediately i.e., the
lower boundof the latter nearly alwaysexceedsthe upperbound,or a better
solutionis found. To illustratethegainthelimit lowerboundproducesassume
that C'ost(y) = 1 for all y. Theninsteadof terminatingthe recursionwhen
thegloballower bound(i.e.,C.path + C.lower) reaches . upper, it is nearly
alwaysprunedwhenthegloballowerboundreaches . upper — 1. Thisgainof
1 in thedepthof the searchcanproducean exponentialreductionof the space
searchandreducesdramaticallythe explorationtime. In practicethis method
dramaticallyreduceghe searchspace An extensionof theideaof limit lower
bound,ngyativethinking is presentedn [31].

1.2.3.5 PRUNING WITH A LOG-APPROXIMATION

This pruningtechniquerelieson aninequalityrelatingthe costof the best
solution,andthe costof a solutionobtainedn a greedyway [23].
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Let v besomestrictly positive weightingfunctiondefinedon thesetof rows,
andlet usdefine

Lly) = Y ()

TEY

Fig. 1.7 shavs a subquadrati¢ime algorithmthatbuild a solutionin a greedy
way (notethatthesolutionis notnecessaryrredundant)Let C' = (X, Y) bea
setcovering problem,C.min the costof its minimum costsolution,and.S the
greedysolutionproducedy the algorithmof Fig. 1.7. Then

Cost(9)

————= < C.min < Cost(S)
”

where

max, ey ['(y)

r o= z 1/k

k=1

Thislog inequalityholdsfor ary function~. Here,sincewe arelookingfor the
bestlower bound,we areinterestedn minimizingr andmaximizingC'ost(S).
Sincey(z) captureshedifficulty of coveringz (thegreaterthemoredifficult),
we canreversethe criterion that would yield a goodupperboundin orderto
obtainagoodlower bound.For instancewe cantakey(z) = |z|.

1.2.3.6 PRUNING WITH A LPR

A covering problemcan be expressedas an Integer Linear Programming
(ILP) problem. An integer variableis associatedvith every columny, and
arow is replacedwith the sum of the variablesthat cover it. The problem
becomes:

minimize E Cost(y) xy, subject to
yey
y €{0,1} fory €Y,

Z&ry*yz 1 forz € X,
yeY
with 6, = 1if y covers z, else 0

The linearprogrammingrelaxationof this ILP consistsof replacingthe inte-
gerconstraintyy € {0, 1} with theinequality0 < y < 1, andallowing the
variabley to takeary realvalue.Notethatthe optimumsolutionof thelinear
programmingelaxationproblemis a lower boundof the original ILP.
Thelower boundobtainedusingthis principle [44] is of very high quality.
It is in theory equalor betterto the one obtainedwith a maximalindepen-
dentset(Sectionl.2.3.2),andits efficiency is oftenbetterthanthe limit lower
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boundpruningmethod(basecbn a maximalindependenset,Sectionl.2.3.4),
or negative thinking [31].

1.2.4 CONCLUSION

Exacttwo-level logic minimizationis a very hardproblem,involving non-
polynomialandNP-completesubproblems.

Significantimprovementson solving the set covering problemhave been
doneon the branch-and-boungrocedurethanksto betterlower boundproce-
dures[20, 23,31, 44].

The generatiorof the cyclic core expressingthe two-level logic minimiza-
tion problemhasbeendramaticallyimproved thanksto a reformulationof the
problemin termsof transposingunctionsandefficient BDD/ZDD basedm-
plicit algorithms.A full presentatiortanbe foundin [20, 21].

1.3 HEURISTIC LOGIC MINIMIZATION

AlthoughtheclassicalQuine—McCluskg methodhasbeendramaticallyim-
proved with implicit techniqueandbetterlower boundcomputationheuristic
methodsaremoresuitablefor fastsimplificationof larger problems.In mary
applicationsexactsolutionsarenot necessarybut nearminimumsolutionsare
sufficient. Heuristicmethodausuallyproducesolutionsthatarenearto the op-
timum in arelatively shorttime. Many heuristiclogic minimizershave been
developed:PRESTO, MINI, MINI2, POR ESPRESSO-IICandESPRESSO-
MV.

ESPRESSGs the mostpopularheuristicminimizer. Beforedescribingits
algorithm,we will explain somebasicoperationsisedin heuristiclogic mini-
mizers,illustratedwith examplesandKarnaughmaps[39].

1.3.1 BASIC OPERATIONS
Thefollowing is asimplelogic minimizationalgorithm.

Algorithm 1.3.1 (Simplificationof SOPS).

Stepl: MERGEtheadjacentproducts.

Step2: EXPAND ead productinto prime

Step3: DELETEredundanproducts.

MERGE usestheidentity = + z = 1: two productszc and zc¢ that differ
only in oneliteral 2 canbe memgeinto thesingleproducte.

Example 1.3.1 Considerthefollowing SOP:

Py = 212923 + 712073 + 217973 + T17273 + T1 7273 + T1T273.
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X1 Ci X1

O0|@ 1)@
@ 1@ L

[+

X3® X3®

X2 X2

@) (b)

Figure 1.8. MERGE operation.

Fig. 1.8(a) showsthe Karnaugh map of this SOR with its 1st cubec¢; =
z122%3. The2nd and 3rd productshavedifferent literals in z3 only, sowe
canmegethem: z1Zq23 + 217273 = 21%2(x3 + Z3) = z1Z2. Similarly, the
4th and5th productshavedifferentliteralsonlyin z 3, producingthesimplified
SOP(Flg 18(b)).731$2.fg + 2129 + 2120 + 12223

EXPAND looks at eachliteral z of a productzc, and tries to remove it
without changingthe Booleanfunction f. Let uswrite f aszc + G, whereGG
is a SOPthatdoesnot containthe productze. If z¢ C f,thenf = Zc+ f =
Tc+ (ze+G) = (2 +z)c+ G = c+ G. Sowhenthis conditionis met,aliteral
canberemovedfrom a product. Whenliterals canno longerbe removed, the
resultingproductis prime.

Example 1.3.2 Considerthefollowing SOP(Fig 1.8.b):
Fy = 212923 + 2129 + T172 + 717223,

Iy canbewrittenas iy = ¢ + G, withey = 212223 andG = 2129+ Z129 +
Z1Z9x3. First, let uschedk whetherwe canremoveheliteral z; frome;. Let
c1 = x1€1 With e; = 2273. Letey (1) bethe producte;, whee theliteral z;
is replacedwith its complementFig. 1.9(a)showsthe cubec; (1) = z,e; =
T122%3. Sincecy (1) C Fy, wecanremovetheliteral z; fromeq, andhavea
simplerSOP:

Iy =61+ G =203+ 2172+ T122 + 717223,

In this operation, we obtainedc, by EXPAND’ing the productc; into the di-
rectionz, asshownin Fig. 1.9(b).

Next, let us chedk whetherc, = 293 can be expandedinto the direction
Tg. LetFy = ¢ + G, with Cy = Tg€9 and62 = I3. Thenc2(2) = I9€9.
Since,c3(2) ¢ F,, we cannotexpandc; into the directionz,. In order to
ched whethere, can be expandedinto the directionzs, let ¢ = Zzes and
es = 3. Thency(3) = zq23. Sincecy(3) € F3, c; cannotbe expandednto
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C1(1) C1 xg

n
1)

Ak
e
B

X3 x3(| (1)
X2 X2
() (b)
X1 X1
Ao
X olalo] [l
X2 X2

(© (d)

Figure 1.9.  EXPAND operation.

thedirectionzs either Sincec, cannotbe expandednto anydirection,it is a
primeimplicantof F+,.

Similarly, we canseethat 21z, andz,x, are Plsof F,. Finally, by expand-
ing Z1Z,x3 into thedirectionz, asshownin Fig. 1.9(c),we obtainthe prime
implicantz; z5. Thisproducesa SOPmadeof primeimplicantsonly:

Fy = 2973 + 2172 + T179 + 7173,
whicdh is shownin Fig. 1.9(d).

Note thatthe resultingSOPdepend®n the orderingof the EXPAND oper
ations.In Fig. 1.10(a),if we EXPAND ¢; andc; into the directionz, andz,
respectrely, thenwe have the ISOP shavn in Fig. 1.10(b). As showvn in the
sequelthequality of thefinal solutiondepend®nthedirectionfor expansion.
VariousheuristicshelpsESPRESS@o determinea goodordering.

DELETE eliminatesredundanproductsirom anSOP Let ¢ + G bea SOP
If ¢ C G, thenproducte canbe removed from the SOP without changing
the Booleanfunctionit representsOnceDELETE hasdeletedall redundant
productstheresultingSOPIs irredundant.

Example 1.3.3 Fig. 1.11(a)showsheSOPF; = #9%3+ 21 T2+ T1 29+ 1 23,
which consistsof primeimplicantsonly. F5 canbewrittenas

F; = ¢+ Gq,wheec¢; = 2923 and

Gi = 11Ty + T2 + Ty 23.
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X1
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Figure 1.10. EXPAND operation.

G Xa %1 X1 C1 2 X1 C3
C C
“Taat T [[deEr T [ @i
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C4 X2 Ca X2 X2

@) (b) (©

Figure 1.11. DELETE operation.

Sincec; ¢ G4, we cannotdeletec; from F3. Similarly, we cannotdelete
Cy = T1%9. Letes = Zq2o, andwehaVEGg = 29Z3 + 1Z2 + T123. Since,
¢z C (G3, wecandeletecs. Thelast productc, cannotbedeleted.Thisyields
the'SOPFg = 29Z3+ 2129 + T123 shownin Flg lll(b)

Notethatthe quality of the solutionsdependsn the orderof the DELETE
operationsin Fig. 1.11(c),if we DELETE ¢, first, thenwe have anISOPwith
four products.Ontheotherhand,if we DELETE ¢, andthencs, thenwe have
aminimum SOPwith only threeproducts.

1.3.2 METHODS TO IMPROVE ISOPS

Algorithm 1.3.1producesinISOR aminimal(i.e.,localminimum)solution
whereneitherliteral nor a productcanbe deleted.In mary casesthe differ-
encebetweerthenumbersf productsin anon-minimallSOPanda minimum
solutionis nottoo large. However the differencecanbe exponentiafor certain
function[75].

Algorithm 1.3.1canno longerimprove the solutionshavn in Fig. 1.10(b).
The operationscREDUCE and RESHAPEcanbe usedto producefurtherim-
provements.
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C1 X1 C3 X1
@] e w|aly
slafe] Ju) wlads] @,
X2 X2

(@) (b)

Figure 1.12. REDUCEOperation.

C3 X1 Ce X1
Cs . C7
|aly a]9|@]
(@] D] @, e|@]D) @
X2 X2

(@) (b)

Figure 1.13. RESHAPEoperation.

REDUCE: s the reverseof EXPAND. REDUCEtakesa productc andre-
ducesthe setit representdy addingsomeliteral to ¢. Whendoing so, RE-
DUCE makessurethatit doesnot changethe Booleanfunction. For example,
the REDUCE operationchanges:; andc; in Fig. 1.12(a),into ¢z ande, in
Fig. 1.12(b),respectiely. REDUCEinducesnen MERGE operationswhich
canhelpimproving the solution.

RESHAPEreplacesa pair of adjacentproductsinto anotherpair without
changinghefunctionrepresentedly the pair. Let S beasubsebf B = {0, 1}.
We will usethefollowing notationsto represena two-valuedfunctionliteral:

> = z whenS = {1},
= z whenS = {0},
= 1 whenS ={0,1}, and
= 0 whenS = ¢.

Usingthis notation,RESHAPEcanbe describedasfollows. Let ¢; ande, be
two products:

51,8 . Si S +Sn

Cl = Ty Ty z; T;0ee Ty
T T T T

62 xl r2 -.-xi -.-x], ---rn
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They areadjacentff thereexistsan: andj suchthatS; N 7; = ¢, S; C T;,
andSy = Ty for k # 4, k # j. RESHAPEreplaceghe pair (cy, ¢2) with the
pair (cs, ¢4) definedas:

S; S S;UT; S
C3 — ;r‘lblm§2 o I’E ) o mjj xgﬂ
) T.—S
cy = .r?l.r? . ‘rZL xg 5=55) x;l;n
Example1.3.4 In Fig. 1.13(a),
C3 = IT1T2T3, and
C; = I 1@3.

Since(es, ¢5) satisfiesthe reshapingconditions,we canreplaceit by (cs, ¢7)
definedas:

e = (T1+4 x1)T2T3 = 2273

c7 = $1f2;f3.

e obtain the SOPshownin Fig. 1.13(b). Notethat we canthenreducethe
numberof productsby applyingthe EXPAND opeiation to c;.

1.3.3 ESSENTIAL PRIME IMPLICANTS

By applyingthe EXPAND, the REDUCE, andthe RESHAPEoperations
repeatedlywe have anISOR An ISOPhasno redundany, butit maynotbea
minimum SOP However, by usingEPIs,we canoften prove the optimality of
anISOR

We say that a minterm covered by exactly one prime implicant (which
makesthis primean EPI) is a distinguihiedminterm.

Example 1.3.5 Letusprovethat the ISOP 1 Z3%4 + z129 + 2324 Shownin
Fig. 1.14is minimumby showingthat it consistsonly of EPIs. First, con-
siderc; = ziz374. It coverstwo mintermsv; and v,. Notethat ¢; is the
only Pl that coversvy, = Z1Z2%Z3%4. Thus,v; is a distinguisted minterm.
On the other hand, ¢; and z4z3z4 covervy = z;x973%4. Thus,vq iS not
a distinguishedminterm. Similarly, in ¢y, 1222374 and z,29Z324 are dis-
tinguishedminterms.In cs, Z1Z9x3%4, T1222324, and x1Foz324 are distin-
guishedminterms.Sinceead of ¢1, ¢o, and c3 coversdistinguishedminterm,
they are all essential. Thusthe ISOP shownin Fig. 1.14 is madeof prime
implicantsthat are all essentialwhich meanst is a minimumSOR

As illustratedin Examplel1.3.5,if all the Plsin anISOP are EPIs, then
the ISOP is the uniqgue minimum SOR and consequentlythe EXPAND, the
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s
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Figure 1.14.  Detectionof EPlIs.

REDUCE,andthe RESHAPEiterationcanbe discontinued.If only a subset
P of the productsof an ISOP are essentialwe canremove them from the
ISOPandadd P to the don't careset. This will producemore simplification
andfurtherreducethe SORP

In the caseof control circuits for microprocessorsabouta half of the Pls
in the minimum SOPare EPIs. Thus,an early detectionof the EPIswill re-
ducethe CPUtime aswell asimprove the quality of the solutions. Heuristic
minimizationalgorithms suchasMINI2 andESPRESSOdetectall the EPIs.

We now describeamethodto find the EPIs.In thesequelasumof products
c1+ ca+ -+ ¢, isrepresentedstheset{cy, ¢z, ..., ¢, }.

Definition 1.3.1 Giventwo products

c = xfl -33252 ----- 33;?" and
CQ — aj/{l . mg—é ..... $?j’;n

Thatare distancel apart, theconsensu®f ¢; andc; is definedas

S1NT; SonT: S;UT;
cons(cy, c3) = a:ﬁ 1), $g 2nh) L. XZ-( -----

We say two productsare distancel apart if they shae no mintermsand a
mintermof oneis adjacentto a mintermof theother Letc bea productand G
bea setof products.Then,

cons(c,G) = U cons(c, cx).
CkEG

Algorithm 1.3.2 (Determineessentiaprime implicantsfor two-valuedinput
functions)
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1) Let I’ bethegivensetof Pls. Let ¢ bethe PI that we wantto determine
the essentialityof. Let G bethe setof Plsin F otherthanc, i.e., FF =
G U{c}.

2) Partition theproductsin G into threesets:

GGy = setof productsthathavecommommintermswith ¢
G, = setof productsthatare adjacentto ¢, thatare notin G,
GG3 = setof otherproducts

3) H = cons(c,Gy).
4) cisanEPliffc € (HUG).

Example 1.3.6 Find theEPIsin Fig. 1.14. Thesetof Plsis I = {¢1, ¢2, ¢3},
WheEC1 = X1Z3%4,Cy = T1X2, and03 = I3%4.
First, let usdecidewhetherc; is essentiabr not.

1) Lete = ¢y, G = {ca, c3}.
2) Gy = ¢,Gy ={ca}, Gz = {c3}.
3) H = cons(cy,c2) = (T1 + 21)T2T3%4 = T2T3%4.
4) Sincecy ¢ (H U GY), ¢1 isanEPIL.
Next, let uslookat c,.
5) Letc = ¢y, G = {ey, c3}.
6) G1 = {es},Ga ={c1}, G3 = ¢.
7) H = cons(cq, c1) = 22T3%4.
8) Sincecy ¢ (H UGy), cz isanEPI.
Thencs.
9) Letc = ¢3, G = {cg, c3}.
10) Gy = {2}, G2 = ¢, Gz = {1 }.
11) H = cons(c3,0) = 0.
12) Sincecs ¢ (H U G4), czisanEPI.

Thusecy, ¢2, andcs are EPIs. Ontheotherhand,cy = 292324 is a Pl, but not
an EPI. Thiscanbeverifiedasfollows:

13) Letc = ¢4, G = {cy, ¢o, c3}.
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14) G = {e1, e2}, G2 = ¢, G3 = {ea}.
15) H = cons(c4,0) = 0.
16) Sincecs C (H UGy), ca isnotanEPI.
1.3.4 FINDING AN ISOP WITH FEWER
PRODUCTS

The IRREDUNDANT proceduregeneratesan ISOP with asfew products
aspossiblefrom the givensetof Pls.

Algorithm 1.3.3 (IRREDUNDANT)

1 LetF = {c1,cz,...,cx} bethegivensetof Pls. Partition the Pls of I
into threesets:
a) Relativelyessentiabet: ER = {¢; | ¢; € EceF_{q} c}.
b) Totally redundanset: RT = {¢; | ¢; C ER}.
c) Partially redundanset: RP = I' — (ERU RT).
2 Find a subsetof RP that togetherwith 'R coversF’. For ead ¢; in

RP, find the set H (¢;) of minimumsetsM S C RP, sud that ¢; £
(RP—-MS)UFER.

3 Constructthelogic function

cvii= A C ANV 9

c;€RP MS€eH(c;) c;eMS

4 Corvert CV(f) into an SOR and find the product with the minimum
numberof literals.

5 Thesetof Plsthatcorrespondso theaboveproducttogethemwith Plsin
ERformstheminimal cover

Example 1.3.7 Considerthe SOPshownin Fig. 1.15.

1) F = {cy,c9, 3, ¢4, c5, cg, c7} iSagivensetof Pls. Partition /' into three
sets:FR = {¢y,c7}. RT = ¢. RP = {c¢q, ¢3, ¢4, C5, C )

2) H(e2) = [{c2, c3}]; H(es) = [{ca, c3}, {e3, cat]s H(ca) = [{es, a}, {ea, e51];
H(cs) = [{ca, e5}, {es, c6]s H(co) = [{cs, ce}].

3-4) CV(f) = (92+93)(92+ 93)(93+ 94) (g3 + 94)
(94 + 95)(94 + 95) (95 + 96) (95 + 96)
(92 + 93) (93 + 94) (94 + 95) (95 + g6)
= 929495 + 929496 + 9395 + 939496
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Figure 1.15.  Givensetof Pls.

5) g¢sgs is the productwith thefewestliterals, andthe correspondingover
is{es, ¢5}. Thus{es, cs} U ER = {c1, c3, ¢5, c7} IS @aminimumcover

Algorithm 1.3.3andExamplel.3.7shawv the principle of the method. The
actualprocedurdn ESPRESS@s morecomplicated pecausesteps3—5cor-
respondto a minimum covering algorithm. In particularstep4 canbe non-
polynomial.

Notethat /” doesnot necessarilycontainall the Pls. Thus, E'R containsall
the EPIs,andpossiblynon-essentiaPls. If I’ containsall the PIs,then F R
is equalto the setof all the EPIsfor the function, andthe IRREDUNDANT
operationproducesan minimum SOR

1.3.5 ESPRESSO

ESPRESSQs the mostpopularheuristictwo-level logic minimizer. First,
it obtainsthe complemenof theoriginal cover, whichwill beusedin the EX-
PAND operation.Secondjt appliesthe EXPAND andIRREDUNDANT op-
erationto obtainan ISOR Third, it extractsthe setof EPIs,andit iteratesthe
REDUCE ,theEXPAND andtheIRREDUNDANT operationaintil no product
canbereducedary more. Fourth, it attemptsso REDUCE and EXPAND by
usingdifferentheuristics. Finally, ESPRESSQries to reducethe numberof
connectionsn the outputpart.

1.4 CONCLUSION

Two-levellogic minimization,bothexactandheuristicshaverecevedmuch
of attentionssincethey arecritical in logic synthesisaswell asotherreal-life
applications.It is a very maturefield, but dueto the difficulty of the problem,
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is still anactive researctdomain. Besideimproving on the existing methods,
with the mostspectaculaimprovementsbeingimplicit minimizationandnew
efficient lower boundtechniquesduring branch-and-boundhereareattempts
at identifying classof functionsfor which logic minimizationcanbe cateyo-
rizedin the polynomialspace.

History and Related Topics

Exact Logic Minimization.

Quinestatedthe two-level minimizationproblemfor atotal Booleanfunc-
tion in 1952[58]. Exactminimizationyieldedthe classicQuine—McClusksg
procedureg[60, 46], and a numberof papersimproved on this minimization
proceduresfocusingon cyclic corecomputatiorandbranch-and-bountech-
niques[4, 35,8, 68,69, 50, 36,9, 20, 22,23].

After the introductionof BDDs [10, 11], implicit minimizatian procedues
wereproposedo overcomethebottleneclof primeimplicantcomputatiorand
cyclic corecomputation.A first implicit BDD-baseccyclic corecomputation
procedurewas proposedn [79]. Finally, a BDD/ZDD-basedimplicit cyclic
corecomputatiorusingtransposingunctionswasintroducedn [18, 20, 21].

ESPRESSO-EXET [69] andSCHERZQ[18] arethemostwell known, re-
spectvely explicit andimplicit/explicit, exactminimizationproceduresText-
booksthatexplain exact SOPminimizationinclude[20, 34,42,48,56].

Heuristic Logic Minimizers.

MINI, amultiple-valuedlogic minimizerto simplify PLA with decodersis
describedn [35]. MINI usesthe complemenbf thegivenfunctionto expand
the implicant efficiently. PREST [78] is a simplelogic minimizerthatuses
only EXPAND andREDUCEof theoutputpart. It usegautologyto expandthe
implicant,which is slower thanthe MINI andESPRESSQGtratgy. PRESTO
wasusedin ABEL, adesignsystenfor programmabléogic devices.

In the early 1980, PLAs startedto be usedin control partsof various
32-bit microprocessorswhich triggereda stronginterestin SOP minimiza-
tion. MINI2 [71], animprovementof MINI, detectsessentialprime impli-
cants(EPIs),andusesdivide and conquerstratgy for multiple-valuedlogic.
A straightforwardmethodto detectEPIsusingthe setof all the PIs[27] re-
guiresexcessve memory MINI2 detectsEPIswithout usingthe setof all the
Pls[43, 71].

ESPRESSO-IICanimprovementof MINI, is describedn [8]. It is atwo-
valuedlogic minimizer. Theimportantimprovementsareintroductionof unate
recursie paradigmandthe IRREDUNDANT operation. ESPRESSO-MVa
multi-valued version of ESPRESSO-IICjs describedin [68]. It is widely
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usedfor two-level logic minimization. Implicit heuristic minimizationsare
describedn [16, 19, 53].

Various Topics.

WSOP(ISOPthat hasthe maximumnumberof PIs)[75]; optimizationof
SOPsfor multi-output functions using MVL [3, 47, 35, 70]; specialhard-
ware for logic minimization [72, 78]; other logic minimization algorithms
[1, 2,5,7, 12, 25,53, 63, 81, 83]; benchmarkiunctions[82]; prime impli-
cantcomputation46, 55, 59, 80, 26, 77, 14]; implicit Pl computationalgo-
rithm [14, 45, 73]; logic functionswith mary PIs[29]; averagenumberof Pls
for the functionswith a given numberof minterms[52]; functionswith maxi-
mal numberof Pls[38]; a classof functionswhoseSOPsaredifficult to min-
imize [57, 75]; minimizationof SOPsby functionaldecompositior{74]. De
Micheli’'s book [51] and Hachtel-Somenz'book [32] have excellentchap-
terson two-level optimization. Muroga’s book hasa good suney of classic
approach56].
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